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NOCTPONTL NNHeliHOe NpubanXeHne B TOUKE
T}, U HAWiTU ero KopeHb, KOTOPbIV OygeT HOBOI
TOYKON MTEpaumu:
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MeTtog HbioToHa kak onTUMMU3aunsa NOKaNbHOW KBAAPaTUYHOW annpoKcumMauuu
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MeTtog HbioToHa kak onTUMMU3aunsa NOKaNbHOW KBAAPaTUYHOW annpoKcumMauuu
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CxogumocTtb

i Theorem

Myctb f(x) — cunbHo BbiNyknas ABaxabl HenpepbiHO Audbeperunpyemas dyrkumns Ha R™, ans BTOpOI
npou3BoaHoll koTopoii BhinonHsiioTcs HepasencTsa: ul, < V2f(z) < LI,. Mycts Taxke reccuan cyHkumm
M-nnnwuues. Torga meton HbroToHa CXOLUTCA JIOKANIbHO K PELLEHMIO C KBaAPaTUYHON CKOPOCTbIO, T.€. Mpu
* 2p .
HIO_x ” < 3M "
3M
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— min
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npou3BoaHoll koTopoii BhinonHsiioTcs HepasencTsa: ul, < V2f(z) < LI,. Mycts Taxke reccuan cyHkumm
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CxogumocTtb

1

- (1— [V2f(zy)] /0

= [VQf(zk)rl (VQf(Ik) -

V2f(x* + 7(z) — x*))dT) (zp —a*) =

S—

(), — %) =

VAf(a* + 7z, — fv*))d7> (z, — ") =

= [V2f(xk)]71 (/o (V2 f(xy) = VA f(a* 4 (2, — 2%))dT)

= [VQf(wk)Tl Gy, — )

— min
‘f 2,9,z MeTtoa HbtoToHa


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

CxogumocTtb

3.
- (1 — [V2f(a)] /01 V2 f(z* + 7w, — x*))dT) (2 —2*) =
= (V2 ()] (VQf(xk) _ /01 V2 (2t + 7y, — x*))dr) () — %) =
= [V2f(ay)] ( /0 (V) — VG - x*))dr)) (2, — ") =
= [V2f(@)] " Gilay — ")
4. Beegém:

Gy = /0. (V2 f(ay) = V2 f(a* + (2 — a¥))dr) .

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — z*|:

‘f - 5“:‘: MeTtoa HbtoToHa


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — z*|:

Gkl = ’ /0 (V2f(y) = V2 f (2" + 7(xy — 2%))dr)

— min
‘f 2,9,z MeTtoa HbtoToHa

<
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — z*|:

<

Gkl = ’ /0 (V2f(y) = V2 f (2" + 7(xy — 2%))dr)

1
< / V2 f(z)) — V2 f(z* + 7(z), — 2%))||dT < (JlunwwmuesocTb reccmana)
o

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — z*|:

<

Gkl = ’ /0 (V2f(y) = V2 f (2" + 7(xy — 2%))dr)

1
< / V2 f(z)) — V2 f(z* + 7(z), — 2%))||dT < (JlunwwmuesocTb reccmana)
o

1 1
S/ M||:ck—x*f7’(xk—x*)||d7’=/ M||:ck—x*|\(1—7)dT:%kM,
o o

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb

5. Monpobyem ouennTs pasmep G, ¢ nomowpto 1, = ||z, — z*|:

<

Gkl = ’ /0 (V2f(y) = V2 f (2" + 7(xy — 2%))dr)

1
< / V2 f(z)) — V2 f(z* + 7(z), — 2%))||dT < (JlunwwmuesocTb reccmana)
o

1 1
S/ M||wk—x*f7’(xk—x*)||d7’=/ M||wk—x*|\(1—7)dT:%kM,
o o

6. Monyvaem:

The1 < H[V2f(mk)]7lH‘ %M Tk

M HaM HY>XHO OLEHWTb HOpMY 0bpaTHOro reccuaHa

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

recCnaHa:

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

recCnaHa:

V2f(xy) — V23f(2*) = —Mr,I,

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

reccuama:
V2f(xy,) — V2 f(x*) = —Mr,I,
V2 f(xy) = V2 f(x*) — Mry I,

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

reccuama:
V2f(xy,) — V2 f(x*) = —Mr,I,

V2 f(xy) = V2 f(x*) — Mry I,

V2 f(2y) = pl, — Mr, I,

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CVIMMeTpI/I‘-IHOCTVI

reccuama:
V2f(xy,) — V2 f(x*) = —Mr,I,

V2 f(xy) = V2 f(x*) — Mry I,

V2 f(2y) = pl, — Mr, I,

V2 f(ay) = (p— Mry)I,

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CI/IMMeTpI/I‘-IHOCTVI

reccuama:
V2 f(xy,) = V2 f(a*) = —Mr I,

V2 f(xy) = V2 f(x*) — Mry I,

V2 f(2y) = pl, — Mr, I,

V2 f(ay) = (p— Mry)I,

8. N3 cunbHoli BbINyKNOCTM CrepyeT, 4TO
V2f(xy) = 0, ie. 7 < 2.

|92 @] < (n = by

< -—nr
T = 2(p— Mry,)

— min
‘f 2,9,z MeTtoa HbtoToHa
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CxogumocTtb
7. V|3 annuwnuesoCcTn n CI/IMMeTpI/I‘-IHOCTVI

reccuama:
V2 f(xy,) = V2 f(a*) = =M1,

V2 f(xy) = V2 f(x*) — Mry I,

V2 f(2y) = pl, — Mr, I,

V2 f(ay) = (p— Mry)I,

8. W13 cunbHoii BbINyKNOCTW CneayeT, 4To
V2f(xy) = 0, ie. 7 < 2.
-1
|92 @] < (n = by

r < 7T%M
LT 2 — M)

— min
‘f 2,9,z MeTtoa HbtoToHa

9. MoTpebyem, 4TOOLI BepxHss OLiEHKA Ha T | Oblna MeHblue 7,

b
yunTbigas, 4o 0 < 7 < 47:

77%]‘4 < 7T
2(p— Mry,)
<1
2(p— Mry,) g
Mr, <2(p— Mry,)
SMr, < 2u
2p
T < m
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CxogumocTtb

7. VI3 annwunuesocTi n cCMMMETPUHHOCTY 9. lMoTpebyem, 4TODbLI BepXHsIsi OLEHKA HA Ty | Oblna MeHbLue T,
reccuaHa: yunTbiBas, 4to 0 < ) < £
V2 flag) = V2 f(a*) = —=Mr, I, M
* V<
V2 (xy) = V2f(a*) = My, 2u—Mry) =
V2 f(ay) = (= M, 2= Mry)
Mr, <2(p— Mry,)
SMr, < 2u
8. VI3 cunbHoii BBINYKNOCTM ChepyeT, 4To 2
2 .
V2 f(xy) =0, e rp, < 4. "< 337
H[VQf(xk)}ilH < (u— Mry)™t 10. Bosepalasch k oueHke HeBa3kM Ha k + 1-oif uTepauum,
) nony4aem:
The1 < % S r2M - 3Mr?
(e = M) B 2= M) S 2

Takum 0Opasom, Mbl NOYHNUAN BaXKHbIA PE3y/ibTaT: METOL,
HetoToHa anis pyHKLMM C INNLLNUEBLIM NOJOXKNTENBHO
ONpeAenEHHbIM recCaHOM CXOAUTCS KBaApaTUYHO BOAU3M

i peweHun.
‘f 5‘1}“ MeTtoa HbtoToHa @0 0
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B, /— min

CeoiicTea metoaa HetoToHa

CeoiictBa metoga HbloTtoHa

10
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OTcyTcTBue KBagpaTUYHOM CXOQUMOCTU, ECIM HEKOTOPbIE NPEANOI0XKEHUS
HapyLwiatoTcs

fl@)y=2*  fl(z)=42®  f'(z)=1222

f(x) f'(x) f'(x)
1.01

2.54 / 10
0.5 4 0.0

. . 5
-2.54
0.0 0

-1.0 =05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 1.0 -1.0 =05 0.0 0.5 1.0
R (N, S W
k+1 k f”(xk) k 12$% k 3 k 3 k>

cxoanTes nuHeirHo k 0, eJMHCTBEHHOMY PELUEHNIO 3afa4u, C MHERHON CKOPOCTbLIO.

‘f - iny": CeoiicTea metoaa HetoToHa 00

11
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Nokanbhas cxogumocTs metopa Helotona ans rnagkoii cunbHo Boinyknon f(x)
(x—1)2, z<-1

flz)y=<22242, —l<z<l
(x+1)2, z>1

JTa beHKLLI/I;I CWUJIbHO BbINyKJ/a, HO BTOpas
npon3BoAHAA HE ABNSAETCA J'II/II'ILLII/ILI,eBOﬁ.

‘f - iny": CeoiicTea metoaa HetoToHa 0 0
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Nokanbhas cxogumocTs metopa Helotona ans rnagkoii cunbHo Boinyknon f(x)

B, /— min

CeoiicTea metoaa HetoToHa

flz) =

(x—1)2, z<-1
222 4 2,
(x+1)2, z>1

—l<z<l1

JTa beHKLLI/I;I CWUJIbHO BbINyKJ/a, HO BTOpas
npon3BoAHAA HE ABNSAETCA J'II/II'ILLII/ILI,eBOﬁ.

10

5

fix)

Fix)

(x)

LA

s

-5

4

2

]

L

2 1 2

2 4

2 4

1 2

12
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JlokanbHas cxogumocTb metoga HbiotoHa pgaxke ecnnm V2f aunwunues

(x—1)2, x<—1
fla)=q—q2*+ 322+ 7, —1<z<1
(z+ 1) z>1

OTa pyHKLMS CUNBHO BbiMyKAa 1 BTOpasi
NPON3BOAHAS SIBASAETCA NINMLLNLEBONA.

fix) f(x) '(x)

N (AN

2 4 12 24 1 2 2 4 1 2

‘f - {ny": CeoiicTea metoaa HetoToHa 00
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JlokanbHas cxogumocTtb metoga HberotoHa. Xopowas wHuymuanusauyus

Newton Method: Iteration 0

-15 -1.0 -0.5 0.0 0.5 1.0 1.5

J — min o
2,9,z CeoiicTea metoaa HetoToHa

14
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JlokanbHas cxogumocTtb metoga HberotoHa. Xopowas wHuymuanusauyus

B, /— min

Newton Method: Iteration 1

CeoiicTea metoaa HetoToHa

14
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JlokanbHas cXoanMoCTb MEeToOa HbloToHa. Xopomaﬂ nHunynannlayuma

B, /— min

Newton Method: Iteration 2

CeoiicTea metoaa HetoToHa

14
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JlokanbHas cXoanMoCTb MEeToOa HbloToHa. Xopomaﬂ nHunynannlayuma

B, /— min

Newton Method: Iteration 3

CeoiicTea metoaa HetoToHa

14
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JlokanbHas cXoanMoCTb MEeToOa HbloToHa. Xopomaﬂ nHunynannlayuma

B, /— min

Newton Method: Iteration 4

CeoiicTea metoaa HetoToHa

14
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JlokanbHas cXoanMoCTb MEeToOa HbloToHa. Xopomaﬂ nHunynannlayuma

B, /— min

Newton Method: Iteration 5

CeoiicTea metoaa HetoToHa

14
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnynanusauus

Newton Method: Iteration 0

-15 -1.0 -0.5 0.0 0.5 1.0 1.5

J — min o
2,9,z CeoiicTea metoaa HetoToHa

15
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JlokanbHas cxogumoctb metoga Herotona. lNMnoxas wHnynanusauus

Newton Method: Iteration 1

-15 -1.0 -0.5 0.0 0.5 1.0 15

J — min o
2,9,z CeoiicTea metoaa HetoToHa

15
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JlokanbHas cXoanMoCTb MEeToOa HbtotoHna. Mnoxas nHnymnanniauns

B, /— min

Newton Method: Iteration 2

CeoiicTea metoaa HetoToHa

15
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JlokanbHas cXoanMoCTb MEeToOa HbtotoHna. Mnoxas nHnymnanniauyuns

B, /— min

Newton Method: Iteration 3

CeoiicTea metoaa HetoToHa

15
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JlokanbHas cXoanMoCTb MEeToOa HbtotoHna. Mnoxas nHnymnanniauyuns

B, /— min

Newton Method: Iteration 4

CeoiicTea metoaa HetoToHa

15
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JlokanbHas cXoanMoCTb MEeToOa HbtotoHna. Mnoxas nHnymnanniauns

B, /— min

Newton Method: Iteration 5

CeoiicTea metoaa HetoToHa

15
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Mpobnembl metoga HbloToHa

J — min o
2,9,z CeoiicTea metoaa HetoToHa

Puc. 1: Animation ll¢

16
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Mpobnembl metoga HbloToHa

30 Quadratic approximation becomes inaccurate

—— Function V1+x? -1

~~~ Taylor Approximation at xq
® Xo=-2.0

2.51

2.0 1

1.5 1

1.0 A

0.5 1

0.0 1

—-0.51

-1.0 . . . : S
—4 -3 ) 1 0 1 2 3

Puc. 2: Animation ll¢

J — min o
2,9,z CeoiicTea metoaa HetoToHa
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Metop HbiotoHa ans kBagpaTtuyHoi 3agaqmn (nuHeiiHon perpeccun)

xTER™

1
min ExTAw —blz, AeRY™™  X(A) € [ L)

Strongly convex quadratics: n=60, random matrix, u=1, L=10

Function Gap Domain Gap Gradient Norm
3 100 4+
!
= 107l = 107 A
x | X
PR R B 1078 -
10712 4 || 10-12 4
- - e
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Iteration Iteration Iteration
—— Gradient Descent. a=1.67e-01 —=—=- Heavy Ball. a=2.15e-01, $=2.88e-01  ----- NAG. a=9.09e-02, B=5.37e-01 —-= Newton

Puc. 3: Tak kak 3agaya - kBagpaTnyHasl, To MeTog HbloToHa cxoguTcs 3a OAWH Lwar.

‘f = o hiersa metoga HbloToHa P00 O 18
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Metop HbiotoHa ans kBagpaTtuyHoi 3agaqmn (nuHeiiHon perpeccun)

|fix) = F*]

xTeR™

1
min 2xTAx —b'z,

Ac Rnxn,

A(A) €

[1; L).

Convex quadratics: n=60, random matrix, u=0, L=10

Function Gap

10! |
1073 A
107 A

10-11

© o o e - e e o i e

5 10
Iteration

—— Gradient Descent. a=1.00e-01

Ix = x" 2

Domain Gap
10! 4 |"‘“ e
s I
107+ ‘ o
l <
_s5 =
10 ‘ ‘i
1078 4 ‘ - AN
\ JANV Y A% TN
v
0 5 10 15 20
Iteration
—-=-=- HeavyBall - NAG

10712 4

Gradient Norm

=
o =
| o
S o

L L

=

o
&
L

5 10
Iteration

—-= Newton

Puc. 4: B atom cny4ae MeTon HbtoToHa TOXeE KpaﬁHe 6bICTpO CXOANTCA, OAHAKO, OTMETUM, HYTO 3TO NpoucxoanT 6narop,apﬂ TOoMY,

4TO MUHMMaNbHOE COBCTBEHHOE 4MCno reccuana He 0, a okono 108

. Ecnun npumensTs metog HbtoToHa B HansHoli dhopme ¢

o6paLu,eH|/|eM MaTpuubl, TO NOJAYy4YUTCA OLUI/I6Ka TaK KaK MaTpuua BbIpOXAeHa. Ha MNPaKTNKe BCE PaBHO MOXXHO MCNOJIb30BaTb METOL,

R/

CeoiicTea metoaa HetoToHa

ecnm Aﬂﬂ HaNpaBieHns UTepaLN pelwaTh uHeliHyto cuctemy V2 f

(x)d, = —V f(},) METOROM HauMeHbLIMX KBAaAPATOB.
L4

(v ] 19
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Metop HbiotoHa ans kBagpaTtuyHoi 3agaqmn (nuHeiiHon perpeccun)

—— Gradient Descent. a=2.00e-03

TER™

1
min §xTAw —b'z, AeRY™™ ) (A)

€ [p; L.

Strongly convex quadratics: n=60, random matrix, u=1, L=1000

Function Gap

- N m———

= -1 A o~
;

5 10 15 20
Iteration

i
!
!
!
!
|
0

Ix =x"|l2

Domain Gap

Gradient Norm

P — =

10 | 102 4 =

3]
o o 1072
10764 | 3

N E 10
1077 A l i
10-12 | l . 10719+

0 5 10 15 20 0 5 10
Iteration Iteration

—=-=- Heavy Ball. a=3.75e-03, =8.81e-01  -----

NAG. a=9.99e-04, =9.39e-01

—-= Newton

Puc. 5: 3pecb uucno obycnoenentoctu reccuana 8 1000 pas bonblue, Hem B npegbigyliem ciyyae, n metog HotoToHa cxogutes 3a 1
NTEPALMIO.

B, /— min

CeoiicTea metoaa HetoToHa

20
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Mertop HblotoHa gns 3apaym OMHapHOW NOrMCTUYECKOW perpeccuu

|fx) = 7|

|fix) — "]

102 4

10—1 4

102 4

10—1 4

o
vl
o

Iteration

0.000 0.025 0.050 0.075
Time

—— GD 0.09

Convex binary logistic regression. mu=0. m=1000, n=10.

xic = x|

i = x|

105

103 4

101 4

o

Iteration

105 J

103 4

101 4

0.000 0.025 0.050 0.075

Time

—— Heavy Ball. a=9.00e-02. B=9.50e-01

Train accuracy

Train accuracy

—— NAG. a=9.00e-02. B=9.50e-01

o
N
R

o
o
L

o
&
L

o
IS
L

o

Iteration

4
<
A

o
o
L

o
]
L

0.4 1

0.00

0.05
Time

0.10

©
N
A

Test accuracy
o
o
!

0.5 A
0 50 100
Iteration
9
® 0.7 A
3
8 0.6 1
7]
@ 0.5
0.00 0.05 0.10
Time
—— Newton 1

Puc. 6: Habniogaetcs pacxogumocts metopa HebtotoHa. Cpa3sy oTMeTVM, 4TO B 3aAa4e HET Perynsipusauny U rapaHTun CusibHOM
BbINYKIOCTU. A TakxXe HeT rapaHTuii TOro, YTO Mbl UHULMAAN3NPYEM METOL B OKPECTHOCTU PEeLUeHus.

B, /— min

CeoiicTea metoaa HetoToHa

21
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Mertop HblotoHa gns 3apaym OMHapHOW NOrMCTUYECKOW perpeccuu

[fix) — £

[fix) = F*]

B, /— min

Strongly convex binary logistic regression. mu=0.2. m=1000, n=10.
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Puc. 7: [lobasneHne perynsipusaumu rapaHTUpYeT CUIbHYIO BbINYKAOCTb, HabatogaeTcs cxoanmocTs Metoaa HbtoToHa.

CeoiicTea metoaa HetoToHa

—— Heavy Ball. a=1.00e+00. B=4.00e-01
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—— NAG. a=1.00e+00. B=4.00e-01
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P00 O
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Mertop HblotoHa gns 3apaym OMHapHOW NOrMCTUYECKOW perpeccuu

Strongly convex binary logistic regression. mu=0.2. m=1000, n=500.
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< 107 1 5100 5 0.6 g
= = ‘© 3 0.5
= 0.51 =
T T T 100 Ly T T T T T T T T
0 1 2 0 1 2 0 1 2 0 1 2
Time Time Time Time
—— GD 0.08 —— Heavy Ball. a=1.50e-01. B=5.00e-01 —— NAG. a=8.00e-02. B=5.00e-01 —— Newton 1

Puc. 8: VBennunm pasmeprocTs B 50 pa3 n Habntogaem pacxoanmMocTb Metoga HbtoToHa. DTO MOXHO CBSA3aTh C TEM, YTO Mbl
VHNLMANN3NpyeM METOL B TOUKe, JANEKOli OT pelieHuns

B, /— min

CeoiicTea metoaa HetoToHa
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Mertop HblotoHa gns 3apaym OMHapHOW NOrMCTUYECKOW perpeccuu

[fx) =]

[fix) — £

Strongly convex binary logistic regression. mu=0.2. m=1000, n=500.
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—— Heavy Ball. a=1.20e-02. =5.00e-01

I = x|

xi = x|
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—— NAG. a=1.20e-02. B=5.00e-01
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Puc. 9: He meHsst 3agady, n3MeHUM HayasibHYtO TOYKY U Habntogaem KBagpaTuyHyto cxognmocTs MeToga Hetotona. OgHako,
obpaTuTe BHUMaHMe Ha Bpems paboTbl. Yrke npu Hebonbwol pasmepHocTu, MeTon HbloToHa paboTaeT 3HauYNTeNbHO AOJblUe, YeM
rpagueHTHbIE METOAbI.

B, /— min

CeoiicTea metoaa HetoToHa

DO
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3ap,a-4a HaxoXXgeHna aHaJIMTU4HEeCKOoro UueHTpa MHOrorpaHHuKa

Haiitn Touky x € R"™, KoTopasi MakCUMnU3MpyeT cymmy
norapudMoB pacCTosiHMiA JO rpaHuL, noauTona:

axy R _ g2
mﬁleog(l a; x)—i—Zlog(l )

i=1 j=1

WNW, SKBMBANEHTHO, MUHUMU3NPYET:
m n

: T 2

min — E log(1—ajz)— E log(1 — %)
=1 j=1

NPV OrpaHUYeHunsax: - aZ-Tar <1 pnsa Bcex ¢t =1,...,m, rge
a; - cTpokn matpuusl AT - |z;| <1 pnascexj=1,...n
AHanuTUYeCcKWNii LEHTP MHOrOrpaHHMKa - 3TO TOYKa,
KOTOpasi MaKCMMaNbHO yAaNeHa OT BCex rpaHuL,
MHOrOrpaHHNKa B CMbiC/ie norapudgmMmuyeckoro bapbepa.
Ta KOHUENUMS LWNPOKO UCMONb3YeTCA B MeTodax
BHYTPeHHell TOYKM AN1s BbINYKAOW oNTUMU3aLUN.

— min o
‘f 2,9,z CeoiicTea metoaa HetoToHa

Analytical Center of 2D Polytope:

max, >0_ log(1 — al'x) + 2,2].:1 log(1 — %)

-1.5

T T
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3a,qa-|a HaxoXXaeHnsa aHa/ImMTUN4eCcKoro UeHTpa MHOrorpaHHukKka
Analytical Center, m = 20, n = 100

101 p
10734
Y
;I; 1077 4
=
10—11 p
0 250 500 750 1000
Iteration
101 4
T 1073 4
Y
=
10—11 4
0.0 0.1 0.2 0.3
Time (s)
—— GD, «=0.005

J — min o
2,9,z CeoiicTea metoaa HetoToHa
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—— Heavy Ball, a=0.005, B=0.33

—— NAG, a=0.005, B=0.33
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—— Newton, damping=1.0
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3a,qat-|a HaxoXXaeHnsa aHa/ImMTUN4eCcKoro UeHTpa MHOrorpaHHukKka
Analytical Center, m = 200, n = 1000
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—— GD, a=0.00015 —— Heavy Ball, a=0.00015, B=0.79 —— NAG, a=0.00015, =0.79 —— Newton, damping=1.0
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Yerr = e — (V29(0) " Valye)

‘f - 5“4}‘} CeoiicTea metoaa HetoToHa P00 O
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

Yerr = e — (V29(0) " Valye)

PackpbiBas 310, Mbl nonyyaem:

Yerr = U — (ATV2f(Ay,)A) " ATV f(Ay,)

— min o
‘f 2,9,z CeoiicTea metoaa HetoToHa
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

v = v — (V9) Vo(u)
PackpbiBas 370, Mbl Nosly4aem:
Yn = v — (ATVEF(Ay)A) ATV f(Ayy)
Wcnonb3ys ceoiicTeo obpaTtHoii MaTpuusl (AB)~! = B~1A~1, 310 ynpowaetcs no:
Yeor = v — A7 (V3F(Ayy) Vi (Ayy)

-1

Ay = Ayy, — (VQf(A?Jk)) Vf(Ayy)

‘f - 5“4}‘} CeoiicTea metoaa HetoToHa P00 O
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

v = v — (V9) Vo(u)
PackpblBast 3To, Mbl Nony4aem:
Yn = v — (ATVEF(Ay)A) ATV f(Ayy)
Wcnonb3ys ceoiicTeo obpaTtHoii MaTpuusl (AB)~! = B~1A~1, 310 ynpowaetcs no:
Yeor = v — A7 (V3F(Ayy) Vi (Ayy)
Ay = Ay, — (V2 f(Ayy)) ' Vi (Ayy)

Takum obpasom, Npaeuio 0bHOBNEHNS ANS T BbIFAAUT TaK:

Thy1 = T — (VQf(ﬂ'flc)f1 Vf(zy)

‘f - 5“4}‘} CeoiicTea metoaa HetoToHa P00 O
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AdcuHHan mHBapuaHTHOCTb MeTtoga HblotoHa

BaxxHbim cBoiicTBOM MeTopa HbtoToHa siBnsietcs adppmuHas nusapuantHoctb. [lyctb gaHa dyHkums f un
HeBbIpoXaeHHas MaTpuua A € R™ ™ nycte = Ay, n nycts g(y) = f(Ay). 3ametum, uto Vg(y) = ATV f(x) u
V2g(y) = ATV?f(z)A. Waru HetoToHa Ha g BbIpaXatoTcs Kak:

vher = v — (V) Valy)
PackpblBast 3To, Mbl Nony4aem:
Yo = Us — (ATV2f(Ay) A) ' ATV f(Ay,)
Wcnonb3ys ceoiicTeo obpaTtHoii MaTpuusl (AB)~! = B~1A~1, 310 ynpowaetcs no:
Ypp1 =Y — A7 (VQJC(Ayk))i1 Vf(Ayy)
Ayopr = Ay — (V2(Ay,) " Vf(Ayy)
TaKVIM 06pa30M, npasunnao 06HOBﬂeH|/|5| ANa T BbIrNAANT TaK:
L1 = Tp — (VQf(ﬂ'flc)f1 Vf(ze)
70 nokasbiBaeT, 4TO WTepauus MeTofa HbloToHa, He 3aBMCUT OT MacwTaba 3agaun. Y rpagueHTHOro Crycka Takoro

cBoiicTea Het!

‘f = o hiersa metoga HbloToHa P00 O 28
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Summary

Mntocsl:

® KpgagpaTu4Hasi CxoaumMocTb B6n3N peleHns ™

MuHycebi:

CeoiicTea metoaa HetoToHa

29
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Summary

Mntocsl:

® KgagpaTuiHasi cxogumocTb BbAnN3u peweHus x*
® AdprHHas NHBapMaHTHOCTb

MuHycebi:

CeoiicTea metoaa HetoToHa
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Summary

Mntocsl:

® KgagpaTuiHasi cxogumocTb BbAnN3u peweHus x*
® AdprHHas NHBapMaHTHOCTb
® OrcyTCTBME NapaMeTpoB y MeToAa

MuHycebi:

CeoiicTea metoaa HetoToHa

29
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Summary

Mntocsl:

KBagpaTtuuHas cxognmocTs B6AM3M pelwenus ™

AdbchbuHHasi MHBapUaHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAENaTh rnobasbHOl, ecnn UCnonb3oBaTh AeMndurposaHHbili MeToh HetoToHa (nobasutb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToAa)

MuHycebi:

CeoiicTea metoaa HetoToHa P00 O
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Summary

Mntocsl:

KBagpaTtuuHas cxognmocTs B6AM3M pelwenus ™

AdbchbuHHasi MHBapUaHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAENaTh rnobasbHOl, ecnn UCnonb3oBaTh AeMndurposaHHbili MeToh HetoToHa (nobasutb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToAa)

MuHycebi:

® Heobxoaumo xpanuTts (0bpaTHbIii) reccuan Ha kaxnaoii utepauumn: O(n?) namstu

CeoiicTea metoaa HetoToHa P00 O
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Summary

Mntocsl:

KBagpaTtuuHas cxognmocTs B6AM3M pelwenus ™

AdbchbuHHasi MHBapUaHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAENaTh rnobasbHOl, ecnn UCnonb3oBaTh AeMndurposaHHbili MeToh HetoToHa (nobasutb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToAa)

MuHycebi:

® Heobxoanmo xpanuTts (0bpaTHbIii) reccnan Ha kaxaoii utepauumn: O(n?) namstu
® Heobxogumo pewaTb nuHelinble cuctemsl: ((n) onepauwuii

CeoiicTea metoaa HetoToHa P00 O
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Summary

Mntocsl:

KBagpaTtuuHas cxognmocTs B6AM3M pelwenus ™

AdbchbuHHasi MHBapUaHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAENaTh rnobasbHOl, ecnn UCnonb3oBaTh AeMndurposaHHbili MeToh HetoToHa (nobasutb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToAa)

MuHycebi:

® Heobxoanmo xpanuTts (0bpaTHbIii) reccnan Ha kaxaoii utepauumn: O(n?) namstu
® Heobxogumo pewaTb nuHelinble cuctemsl: ((n) onepauwuii
® [eccnaH MOXET BbiTb BIPOXAEHHLIM B T*

CeoiicTea metoaa HetoToHa P00 O
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Summary

Mntocsl:

KBagpaTtuuHas cxognmocTs B6AM3M pelwenus ™

AdbchbuHHasi MHBapUaHTHOCTb

OTcyTcTBME NapaMeTpoB y MeToaa

CXOAMMOCTb MOXKHO CAENaTh rnobasbHOl, ecnn UCnonb3oBaTh AeMndurposaHHbili MeToh HetoToHa (nobasutb
NpoLeAypYy JIMHEAHOro NONCKa W Luara MeToAa)

MuHycebi:
® Heobxoanmo xpanuTts (0bpaTHbIii) reccnan Ha kaxaoii utepauumn: O(n?) namstu
® Heobxogumo pewaTb nuHelinble cuctemsl: ((n) onepauwuii
® [eccnaH MOXET BbiTb BIPOXAEHHLIM B T*
[ ]

leccnaH MOXeT He BbiTb NONOXKNTENLHO OnpedeneHHbiM — Hanpasnenne —(f”(x)) ™1 f/(z) MoxeT He BbITh
HanpasneHnem crycka

CeoiicTea metoaa HetoToHa P00 O
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B, /— min

KBa3nHbIOTOHOBCKNE MeTOAbI

KBa3uHbIOTOHOBCKME MEeTOoAbl

30
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Npes aganTtuBHbIX METPUK
Myctsb pana dyrkuns f(x) n Touka . Onpeaenum
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem
cylecTBoBaHume yHKUMN paccTositus d(z, z).

— min
‘f zy.:  KBa3sWHbIOTOHOBCKME MeTOAbI
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Npes aganTtuBHbIX METPUK
Myctsb pana dyrkuns f(x) n Touka . Onpeaenum
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem
cylecTBoBaHume yHKUMN paccTositus d(z, z).

= i, )

— min
‘f zy.:  KBa3sWHbIOTOHOBCKME MeTOAbI
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Npes aganTtuBHbIX METPUK
Myctsb pana dyrkuns f(x) n Touka . Onpeaenum
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem
cylecTBoBaHume yHKUMN paccTositus d(z, z).

¥ =a min T
rg ZGBE(%)f( )

[anee, Mbl MOXXeM ONpeAennTb Apyroe HanpasJeHune
HanCcKoperiLlero crycka B TepMUHaAX MUHUMMU3aToOpa

yHKUMM Ha cbepe:

— min
‘f zy.:  KBa3sWHbIOTOHOBCKME MeTOAbI
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Npes aganTtuBHbIX METPUK
Myctsb pana dyrkuns f(x) n Touka . Onpeaenum
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem
cylecTBoBaHume yHKUMN paccTositus d(z, z).

x* =arg min f(x)
zeB_(zg)
[lanee, Mbl MOXXeM onpeaennTb Apyroe HanpaseHne

HaNCKOpeNLLEero cnycka B TepMUHaX MUHUMMU3ATOPa

yHKUMM Ha cbepe:

*

. -z

s = lim 0
e—0 £

— min
‘f zy.:  KBa3sWHbIOTOHOBCKME MeTOAbI

31


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Npes aganTtuBHbIX METPUK
Myctsb pana dyrkuns f(x) n Touka . Onpeaenum
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem
cylecTBoBaHume yHKUMN paccTositus d(z, z).

x* =arg min f(x)
zeB_(zg)
[Janee, Mbl MOXeM onpefennTb Apyroe HanpaeeHne
HaNCKOpeNLLEero cnycka B TepMUHaX MUHUMMU3ATOPa
yHKUMM Ha cbepe:

.

. —

s = lim 0
e—0 £

MpeanonoXum, 4To paccTosiHne JIOKaLHO OMPEAENETCs
HEKOTOpOli MeTpuKoii A:

d(z,x) = (v — on)TA(-T —xp)

— min
‘f zy.:  KBa3sWHbIOTOHOBCKME MeTOAbI

31


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Npes aganTtuBHbIX METPUK
Myctsb pana dyrkuns f(x) n Touka . Onpeaenum
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem
cylecTBoBaHume yHKUMN paccTositus d(z, z).

x* =arg min f(x)
z€B,(xq)
[lanee, Mbl MOXXeM onpeaennTb Apyroe HanpaseHne
HaucKopeliLuero crycka B TEpPMUHAX MUHUMU3ATOPA

yHKUMM Ha cbepe:

.

. —

s = lim 0
e—0 £

MpennonoXxum, 4YTo paccTosiHME JOKANLHO ONpPeneseTcs

HEKOTOpOli MeTpuKoii A:
d(x,79) = (x —x0) " Al — 20)

[Hanee paccmMoTpum nepsbiii NoOpsaoK annpokcMmauum
byHkumn () B OKPECTHOCTN TONKN ()

f(xo + 0x) ~ f(x0) + Vf(0) "0 (1)

— min
‘f zy.z:  KBa3WHbIOTOHOBCKME MeTOAbI

i )
S f(@o + o2)

s.t. oz Adz = €2

Tenepb Mbl MOXXeM CPOPMYANPOBaTL 3afa4y HaXOKAEHUS
S, KaK 3TO DblIO CKa3aHoO BbILLE.
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Npea apganTuBHbLIX METpPUK

Myctsb pana dyrkuns f(x) n Touka . Onpeaenum Tenepb Mbl MOXXeM ChOPMYNMPOBaTL 3a4a4y HaXOXKIEHUS
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO S, Kak 3TO bbINo CKasaHo BblLLe.
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem

cywecTBoBaHme tyHKLn paccTosHns d(T, x). S f(zo + 6z)
. st. 0z Adx = &2
z*=arg min f(x)

zeB,_ (x
(@o) Vcnonb3ys ypasHenune 1, nonyyaem:

[anee, Mbl MOXXeM ONpeAennTb Apyroe HanpasJeHune

o i T
HauCKoperiLero Crycka B TEPMUHAX MUHMMMU3aTopa 63&1& Vf(zy)' oz
yHKUMM Ha cbepe:

s.t. oz Adz = €2
X
. —x
s = lim o
e—0 £

MpeanonoXum, 4To paccTosiHne JIOKaLHO OMPEAENETCs
HEKOTOpOli MeTpuKoii A:

d(z,x) = (v — on)TA(-T —xp)

[Hanee paccmMoTpum nepsbiii NoOpsaoK annpokcMmauum
byHkumn () B OKPECTHOCTN TONKN ()

f(xo + 0x) ~ f(x0) + Vf(0) "0 (1)

‘f% 5‘5}‘3 KBa3uHbLIOTOHOBCKNE METOAb! @0 O
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Npea apganTuBHbLIX METpPUK

Myctsb pana dyrkuns f(x) n Touka . Onpeaenum Tenepb Mbl MOXXeM ChOPMYNMPOBaTL 3a4a4y HaXOXKIEHUS
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO S, Kak 3TO bbINo CKasaHo BblLLe.
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem .
min f(x, + 0x)
cylecTBoBaHume yHKUMN paccTositus d(z, z). SweRX

. st. 0z Adx = &2
x* =arg min f(x)
w€B¢ (o) Vcnonb3ys ypasHenune 1, nonyyaem:

[anee, Mbl MOXXeM ONpeAennTb Apyroe HanpasJeHune

o i T
HaUCKOPEriLLIEero crycka B TEpPMUHAX MUHUMMU3ATOPa 62&1& V f(zg) "oz
yHKUMM Ha cbepe:

st. oz’ Adx = &2
-z
s = lim o WNcnonb3ys metog mHoxuTeneli JlarpaHxa:
e—0 £
Mpeanonoxunm, 4To paccTosiHme JIOKaNbLHO OMNpefensieTcs 5 2¢? ALV
< < r=—
HEKOTOpOli MeTpuKoi A: Vf(xg)TAIV f(xg)

d(z,x) = (v — on)TA(-T —xp)

[Hanee paccmMoTpum nepsbiii NoOpsaoK annpokcMmauum
byHkumn () B OKPECTHOCTN TONKN ()

f(xo + 0x) ~ f(x0) + Vf(0) "0 (1)

— min
‘f 2,9,z KBa3uHbLIOTOHOBCKNE METOAb! PO
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Npes aganTtuBHbIX METPUK
Myctsb pana dyrkuns f(x) n Touka . Onpeaenum
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO
TOYeK C PacCTOSHUEM € [0 Ty. 3AECh Mbl NpeAnoaraem
cylecTBoBaHume yHKUMN paccTositus d(z, z).

x* =arg min f(x)
z€B,(xq)
[lanee, Mbl MOXXeM onpeaennTb Apyroe HanpaseHne
HaucKopeliLuero crycka B TEpPMUHAX MUHUMU3ATOPA

yHKUMM Ha cbepe:

.

. —

s = lim 0
e—0 £

MpennonoXxum, 4YTo paccTosiHME JOKANLHO ONpPeneseTcs

HEKOTOpOli MeTpuKoii A:
d(x,79) = (x —x0) " Al — 20)

[Hanee paccmMoTpum nepsbiii NoOpsaoK annpokcMmauum
byHkumn () B OKPECTHOCTN TONKN ()

‘f — min
Tz

KBa3uHbLIOTOHOBCKNE METOAb!

f(xo + 0x) ~ f(x0) + Vf(0) "0 (1)

Tenepb Mbl MOXXeM CPOPMYANPOBaTL 3afa4y HaXOKAEHUS
S, Kak 3TO BbIIO CKa3aHO BbILLE.
min f(z, + dz
SxeERX ( 0 )
s.t. oz Adz = €2

Vcnonb3ys ypasHenune 1, nonyyaem:

: T
Juin Vf(z,) " oz

s.t. 0z Adz = £2
Vicnonbays meton mHoxuTeneli Jlarpamxa:

2¢2

O = G ) AN [ (xg)

AV

HoBoe HanpaBneHue Hauckopeiillero crnycka :

AV f(zg).
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Naes apanTusBHbIX METpUK
MycTb aaHa yrkums f(x) n Touka zy. Onpegenum
B.(zy) = {z € R" : d(z, 7)) = €2} kak MHOXeCTEO
TOYEK C PACCTOSIHNEM € A0 Xo. 3AECH Mbl Npeanonaraem
cylecTBoBaHume yHKUMN paccTositus d(z, z).

x* =arg min f(x)
z€B,(xq)
[lanee, Mbl MOXXeM onpeaennTb Apyroe HanpaseHne
HaucKopeliLuero crycka B TEpPMUHAX MUHUMU3ATOPA

yHKUMM Ha cbepe:

.

. —

s = lim 0
e—0 £

MpennonoXxum, 4YTo paccTosiHME JOKANLHO ONpPeneseTcs

HEKOTOpOli MeTpuKoii A:
d(x,79) = (x —x0) " Al — 20)

[Hanee paccmMoTpum nepsbiii NoOpsaoK annpokcMmauum
byHkumn () B OKPECTHOCTN TONKN ()

f(xo + 0x) ~ f(x0) + Vf(20) "0

KBa3uHLIOTOHOBCKNE METOAb!

‘f — min
Tz

Tenepb Mbl MOXXeM CPOPMYANPOBaTL 3afa4y HaXOKAEHUS
S, KaK 3TO DblIO CKa3aHoO BbILLE.

i )
S f(@o + o2)

s.t. oz Adz = €2

Vcnonb3ys ypasHenune 1, nonyyaem:
min Vf(z,)" oz

Juin V£ (o)

s.t. 0z Adz = £2

WNcnonbays meton mHoxunTenein Slarpamka:

2¢2
Vf(zg) TAIV f(zg)

ox = — AV

HoBoe HanpaBneHue Hauckopeiillero crnycka :
~1
ATV f(z).
[JeiicTBnTenbHO, ecnnm npocTpaHcTBo usoTtponHo u A = 1,
Mbl Cpasy nony4vaem hopmyny rpagUeHTHOro Cnycka, B TO

(1) BpeMsi Kak MeTog HbloTOHa MCnonb3yeT NoKanbHbIi

reccmaH Kak mMaTpuuy MeTpuK. 00 31
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VlHTyVILI,VI'il KBAa3NMHbHOTOHOBCKUX MeToa0B

[ns knaccuyeckoii 3apaqn besycnosHolt ontummusaumm f(x) — min obuwynii aNropuTM UTEPALNOHHOTO METOAA
xeR™
3aMNCbIBAETCA KakK:
Tpyq = Ty + gy,

— min
‘f 2.z KBa3WHLIOTOHOBCKME MeTOAbI DO
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VlHTyVILI,VISl KBAa3NMHbHOTOHOBCKUX MeToa0B

[ns knaccuyeckoii 3apaqn besycnosHolt ontummusaumm f(x) — min obuwynii aNropuTM UTEPALNOHHOTO METOAA
xeR™
3aMnNCbIBAa€TCA KakK:

Tpyq = Ty + gy,

B MeTo e HbtoToHa HanpaBseHne dk (HanpaBneHme HbIOTOHa) YCTAaHaBANBAETCA peELUEHnEM JINHENHOW CNCTEMBI Ha
Ka>X4oM Liare:

Byd, ==V f(zy), B,= V2f($k-)

‘f%gn;l} KBa3nHbIOTOHOBCKNE MeTOAbI P00 O
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VlHTyVILI,VISl KBAa3NMHbHOTOHOBCKUX MeToa0B

[ns knaccuyeckoii 3apaqn besycnosHolt ontummusaumm f(x) — min obuwynii aNropuTM UTEPALNOHHOTO METOAA
zeR™
3aMnNCbIBAa€TCA KakK:

Tpyq = Ty + gy,

B MeTo e HbtoToHa HanpaBseHne dk (HanpaBneHme HbIOTOHa) YCTAaHaBANBAETCA peELUEHnEM JINHENHOW CNCTEMBI Ha
Ka>X4oM Liare:

Byd, ==V f(zy), B,= sz(mk-)

T.€. Ha Ka)Kp,OI7I nrTepaunn HEO6XO,D,I/IMO BbIHNCANTDb FreCCaH U TrpagneHT N pelwnTb J1VIHeI7IHy}O CUCTEMY.

KBa3uHLIOTOHOBCKNE METOAb!
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VlHTyI/ILI,I/ISl KBAa3NMHbHOTOHOBCKUX MeToa0B

Ons knaccuueckoli 3agaqm 6esycnosHoii ontumusauumn f(z) — min oblynii anropuTM UTEPaLMOHHOTO MeToAA
zeR™
3aMNCbIBAETCA KaK:
Tpyq = Ty + gy,

B MeTo e HbeTOHa HanpaBseHne dk (HarlpaBJ'IeHVIe HbIOTOHa) yCTaHaBﬂMBaeTCﬂ peweHnem NINHEWHOW CUCTEMbI Ha
Ka>X4oM Liare:
_ _ w2
Byd, ==V f(zy), B, =V*f(zy)

T.€. Ha Ka)Kp,OVI nrTepaunn HEO6XO,qMMO BbIHNCANTDb FreCCaH U TrpagneHT N pelwnTb J1VIHeI7IHy}O CUCTEMY.

O6paT|/|Te BHAMaHWNE, 4TO €C/In Mbl BO3bMEM €QNHUYHYIO MaTpuuy Bk: = In B Ka4ecTBe Bk: Ha Ka>XKAOoM Lare, Mbl
noay4”nMm TOYHO METOA rpaAneHTHOro cnycka.

O6Lwnii anropnT™ KBa3sMHBLIOTOHOBCKIX METOAOB OCHOBAH Ha Bblbope MaTpuubl B, Tak, 4TODbl OHa B HEKOTOPOM
CMbIC/Ie CTPeMUNach K UCTUHHOMY 3Hauenunio reccuana V2 f(x,) npu k — oo.

KBa3uHLIOTOHOBCKNE METOAb! P00 O
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LLlabnoH KBa3nHbIOTOHOBCKOro MeTofa
Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:
1. Pewnts Bd;, = —V f(z;,)

f — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI
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LLlabnoH KBa3nHbIOTOHOBCKOro MeTofa
Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,

f — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI

33


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

LLlabnoH KBa3nHbIOTOHOBCKOro MeTofa

Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,
3. Beluncaute By, u3 B,

f — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI

33
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LLlabnoH KBa3nHbIOTOHOBCKOro MeTofa

Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,
3. Beluncaute By, u3 B,

f — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI
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LLlabnoH KBa3nHbIOTOHOBCKOro MeTofa
Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,
3. Beluncaute By, u3 B,

PasHble KBa3HLIOTOHOBCKME METOABI PeanunsytoT war 3 no-pasHoMy. Mbl CKOPO YBUAMM, Y4TO OBLIYHO Mbl MOXEM
BbIYNCAUTL (Bk+1)71 n3 (B,,)~ L

‘f%?‘f}‘l KBa3nHbIOTOHOBCKNE MeTOAbI @0 O
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LLlabnoH KBa3nHbIOTOHOBCKOro metoaa
Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,
3. Beluncaute By, u3 B,

PasHble KBa3HLIOTOHOBCKME METOABI PeanunsytoT war 3 no-pasHoMy. Mbl CKOPO YBUAMM, Y4TO OBLIYHO Mbl MOXEM
BbIYNCAUTL (Bk+1)71 n3 (B,,)~ L

OcHoBHas nges: lNockonbky B, y>xe coaepXnT MHDOPMALMIO O reccraHe, UCNOob3yeM NOAXOAsLLee ObHOBNEHNE
MaTpuubl Ans opmuposanus By ;.

‘fﬁ}gn‘}‘l KBa3uHbLIOTOHOBCKNE METOAb! @0 O
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LLlabnoH KBa3nHbIOTOHOBCKOro metoaa
Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,
3. Beluncaute By, u3 B,

PasHble KBa3HLIOTOHOBCKME METOABI PeanunsytoT war 3 no-pasHoMy. Mbl CKOPO YBUAMM, Y4TO OBLIYHO Mbl MOXEM
BbIYNCAUTL (Bk+1)71 n3 (B,,)~ L

OcHoBHas nges: lNockonbky B, y>xe coaepXnT MHDOPMALMIO O reccraHe, UCNOob3yeM NOAXOAsLLee ObHOBNEHNE
MaTpuubl Ans opmuposanus By ;.

PasymHoe TpeGosanune anst By | (BAOXHOBNEHHOE METOLOM CEKYLLNX):

VI (@p1) = V(@) = By (21 — 24) = Byiady
Ayy, = By Azy

‘f% 5‘5}‘3 KBa3uHbLIOTOHOBCKNE METOAb! @0 O
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LLlabnoH KBa3nHbIOTOHOBCKOro metoaa
Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,
3. Beluncaute By, u3 B,

PasHble KBa3HLIOTOHOBCKME METOABI PeanunsytoT war 3 no-pasHoMy. Mbl CKOPO YBUAMM, Y4TO OBLIYHO Mbl MOXEM
BbIYNCAUTL (Bk+1)71 n3 (B,,)~ L

OcHoBHas nges: lNockonbky B, y>xe coaepXnT MHDOPMALMIO O reccraHe, UCNOob3yeM NOAXOAsLLee ObHOBNEHNE
MaTpuubl Ans opmuposanus By ;.

PasymHoe TpeGosanune anst By | (BAOXHOBNEHHOE METOLOM CEKYLLNX):

VI (@p1) = V(@) = By (21 — 24) = Byiady
Ayy, = By Azy

[MomnMo ypaBHEHUS ceKyLLeid, Mbl XOTUM:

L]
B, ., cummeTpuyHas

‘f% 5‘5}‘3 KBa3uHLIOTOHOBCKNE METOAb! P00 O
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LLlabnoH KBa3nHbIOTOHOBCKOro metoaa
Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,
3. Beluncaute By, u3 B,

PasHble KBa3HLIOTOHOBCKME METOABI PeanunsytoT war 3 no-pasHoMy. Mbl CKOPO YBUAMM, Y4TO OBLIYHO Mbl MOXEM
BbIYNCAUTL (Bk+1)71 n3 (B,,)~ L

OcHoBHas nges: lNockonbky B, y>xe coaepXnT MHDOPMALMIO O reccraHe, UCNOob3yeM NOAXOAsLLee ObHOBNEHNE
MaTpuubl Ans opmuposanus By ;.

PasymHoe TpeGosanune anst By | (BAOXHOBNEHHOE METOLOM CEKYLLNX):

VI (@p1) = V(@) = By (21 — 24) = Byiady
Ayy, = By Azy

[MomnMo ypaBHEHUS ceKyLLeid, Mbl XOTUM:

® B, cuMMmeTpuyHas
® By, bnuska k By,

‘f% 5‘5}‘3 KBa3uHLIOTOHOBCKNE METOAb! P00 O
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LLlabnoH KBa3nHbIOTOHOBCKOro metoaa
Mycte 2y € R™, By > 0. na k=1,2,3, ..., nosTopsiem:

1. Pewnts Bd;, = —V f(z;,)
2. ObHoBUTL T 1 = T + o dy,
3. Beluncaute By, u3 B,

PasHble KBa3HLIOTOHOBCKME METOABI PeanunsytoT war 3 no-pasHoMy. Mbl CKOPO YBUAMM, Y4TO OBLIYHO Mbl MOXEM
BbIYNCAUTL (Bk+1)71 n3 (B,,)~ L

OcHoBHas nges: lNockonbky B, y>xe coaepXnT MHDOPMALMIO O reccraHe, UCNOob3yeM NOAXOAsLLee ObHOBNEHNE
MaTpuubl Ans opmuposanus By ;.

PasymHoe TpeGosanune anst By | (BAOXHOBNEHHOE METOLOM CEKYLLNX):

VI (@p1) = V(@) = By (21 — 24) = Byiady
Ayy, = By Azy

[MomnMo ypaBHEHUS ceKyLLeid, Mbl XOTUM:

® B, cuMMmeTpuyHas
® By, bnuska k By,
® B,>~0=D8,,,>0

‘f% 5‘5}‘3 KBa3uHLIOTOHOBCKNE METOAb! P00 O
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CummeTpuyHoe ogHOpPaHroBoe obHoOBNEHNE

Monpobyem obHosneHne Buga:
By1 = By, + auu”

J — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI

34
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CummeTpuyHoe ogHOpPaHroBoe obHoOBNEHNE

Monpobyem obHosneHne Buga:
By1 = By, + auu”

VpasHenve cekyweit By d;, = Ay, paet:

(auTdy)u = Ay, — Byd,

J — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI

34
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CummeTpuyHoe ogHOpPaHroBoe obHoOBNEHNE
Monpobyem obHosneHne Buga:

By1 = By, + auu”
VpasHenve cekyweit By d;, = Ay, paet:

(auTdy)u = Ay, — Byd,

To BEpHO TOJLKO ecnn u siBnsieTcst kpaTHbiM Ay, — Bd;,. Monoxus u = Ay, — B,d;,, mbl pelnaem ypasHeHue,

1

a=——"""—">"",
(Ayy, — Bydy)Tdy,

‘f%?‘f}‘l KBa3nHbIOTOHOBCKNE MeTOAbI P00 O
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CummeTpuyHoe ogHOpPaHroBoe obHoOBNEHNE

Monpobyem obHosneHne Buga:
By1 = By, + auu”

VpasHenve cekyweit By d;, = Ay, paet:

(auTdy)u = Ay, — Byd,

To BEpHO TOJLKO ecnn u siBnsieTcst kpaTHbiM Ay, — Bd;,. Monoxus u = Ay, — B,d;,, mbl pelnaem ypasHeHue,

1
a=——>,
(Ayy — Bydy)"dy,
HYTO NPUBOANT K
Ay, — B.d.)(Ay, — B,d,)T
Bk+1:Bk+( Yk i) (Ayy, i)

(Ayy, — Bydy,)Tdy,

TO Ha3bIBAaeTCS CUMMETPUYHBIM ofHopaHroBbiM (SR1) obHoBneHnem unn metogom BpoiigeHa.

‘f%gn&l} KBa3nHbIOTOHOBCKNE MeTOAbI P00 O
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CummeTpunyHOe OogHOPAHroBoe OOHOB/IEHNE C UHBEpPCUEit

Kak Mbl MOXeM pewnTb
Bipydiy ==V (1),

4TObBI caenate cnepytounii war? Momumo pacnpoctpanenus By Ha By, AaBaiiTe pacnpocTpaHuM MUHBEPCUM, T.e.
Cp = By,' #a Cyyy = (Bpy)
®opmyna LLlepmana-MoppucoHa:
®opmyna LLlepmana-MopprcoHa yTeepxaaeT:
A tupT AT
1+0TA 1y
Takum obpasom, ans SR1 obHoBneHns, obpaTHas MaTpULa TakXKe NErko ODHOBASIETCS:
(d), — O, Ay (dy — CpAy;) "
(dp — CrAy) T Ay,

(A+wT)y =471~

Cri1=Cp +

B obwem, SR1 npocT n fewes, HO y HEro eCTb KJIOYEBOA HEAOCTATOK: OH HE COXPAHSIET MOJIOKNTENBHYIO

onpeaeneHHoOCTb.

B/ — min ® 00

KBa3nHbIOTOHOBCKNE MeTOAbI
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O6HoBnenue dasugoHa-Pneryepa-layanna

Mebl Mornu Bbi NpogoMKNTL Ty Xe uaeto ans obHoeneHus obpaTtholi matpuusl C:

Cri1 = Oy + auu® + bvvT.

f — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI
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O6HoBnenue dasugoHa-Pneryepa-layanna

Mbl Mornu Bbl MPoOfOMKUTE Ty XXe ugeto 4st obHosnaeHns obpaTHoii MaTpuubl C':
Cri1 = Oy + auu® + bvvT.
VMmHoxast Ha Ay, ncnonb3syst ypasHenune cekyweir d;, = C, Ay, n pewas gas a, b, nonyvaem:

CkAykAykTCk dkdg
AykTCkAyk Aygdk

Cr1 =Cp —

Mpumenerne opmynbl Byabepn
Bynbepwn nokasbigaer:

B (1 Audl 7 GACY L Aulyl
i Ayk:-rdk g Aygdk Ay/{dk

370 obroenenne [dasuaona-Pnetuepa-Maysnna (DFP). Takxke geweso: O(n?), Ho coxpaHseT NONOMKMTENLHYIO
onpepaeneHHocTb. He Tak nonynsipHo, kak BFGS.

— min
‘f ry.z:  KBa3WHbIOTOHOBCKME MeTOAbI
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O6HoBneHue bpoiigena-Pneryepa-fonbgwreiina-LlenHo

Monpobyem Tenepb AByXpaHroBoe 0OHOBJEHNE:

By = By, + auu” + boT.

J — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI
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O6HoBneHue bpoiigena-Pneryepa-fonbgwreiina-LlenHo

Monpobyem Tenepb AByXpaHroBoe 0OHOBJEHNE:

By = By, + auu” + boT.

VpasHenve cekyweit Ay, = By, d;, paeT:

Ay, — Bpdy, = (auTdy)u + (bvTd,)v

J — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI
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O6HoBneHue bpoiigena-Pneryepa-fonbgwreiina-LlenHo

Monpobyem Tenepb AByXpaHroBoe 0OHOBJEHNE:

By = By, + auu” + boT.

VpasHenve cekyweit Ay, = By, d;, paeT:

Ay, — Bpdy, = (auTdy)u + (bvTd,)v

Monoxus u = Ay, v = Bd, v pewas gns a, b, nonyd4aem:

Bkdkngk AykAyf
dl{Bkdk dkTAZ/k

Bk+1 =B, —

370 obHoBneHNe BpoiigeHa-Pnertyepa-lonbawreiina-LLlenHo (BFGS).

— min
‘f ry.z:  KBa3WHbIOTOHOBCKME MeTOAbI
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O6HoBneHue bpoiigena-Pneryepa-fonsawreiina-LLeHHo ¢ uHeBepcuein
Dopmyna Byabepn

®Dopmyna Bynbepn, 060bwerne dopmynel LLlepmana-Moppucona, gaetcs Kak:

(A+UCV) ™t = AL — A WU(C-' + VA-IU) VA

f — min
2,9,z KBa3nHbIOTOHOBCKNE MeTOAbI
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O6HoBneHue bpoiigena-Pneryepa-fonsawreiina-LLeHHo ¢ uHeBepcuein

Dopmyna Byabepn
®Dopmyna Bynbepn, 060bwerne dopmynel LLlepmana-Moppucona, gaetcs Kak:

(A+UCV) ™t = AL — A WU(C-' + VA-IU) VA
I'IpmmeHeHHa;l K Hawemy cny4dato, Mbl NoJlyHaeM ABYXPaHroBoe 06HOBJ'IeHI/Ie Ha O6paTHOﬁ MaTpuue CI

(dy, — CkAyk)dkT dy,(dy, — CkAyk)T (dy, — CkAyk)TAyk T
Cpi1=0Cr+ + — d.d
LR Ayl d, Ayl d,, (Ayfd)?  Fh

dy Ayt Ayl | dydf

c, :<I_k k)Ck<I— 2 k

o Aylz;dk Aykrdk Aygdk

JTa popmynnpoBka obecrneqmsaet, 4To obHoBneHne BFGS, ocTtaBasick focTaTouHO 0bLM, CcOXpaHsieT

BbIMMCAUTENbHYIO 3chchekTuBHOCTL 1 TpebyeT O(n?) onepauuii. BaxHo, 4To obHosneHne BFGS coxpaHsieT
nonoxuTensHyto onpeaeneqtocts: By = 0= B, > 0. dkeusanextro, C}, = 0= Cp; =0

— min
‘f ry.z:  KBa3WHbIOTOHOBCKME MeTOAbI
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Kop,

® Otkpbits B Colab

B, /— min

KBa3nHbIOTOHOBCKNE MeTOAbI
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Kop,

® Otkpbits B Colab
® (CpaBHeHMe KBa3WHBLIOTOHOBCKNX METOL0B

KBa3nHbIOTOHOBCKNE MeTOAbI
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Kop,

® Otkpbits B Colab
® (CpaBHeHMe KBa3WHBLIOTOHOBCKNX METOL0B
® HekoTopble npakTuyeckne 3aMmedaHus o metoge HorotoHa

KBa3uHLIOTOHOBCKNE METOAb!
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