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= arg min f(y,,) = arg min f(x, —aV f(z))
acR acRt

Bonee TeopeTtnyeckuii, 4em npakTuyeckuii nogxog K Boibopy wara. OH Takxe nossonsiet
aHaNIM3NpPOBaTh CXOAMMOCTb, HO TOYHbI JINHERHbIA NMONCK MOXET ObITb YNCIEHHO CIIOXKHBIM,
€CNN BblYUCIeHNe PYHKLMM 3aHUMAET C/IMLLKOM MHOrO BpeMeHu unu TpebyeT camwikom

MHOIO PecypcoB.
NHTepecHoe TeopeTnyeckoe CBOMCTBO STOrO MeTOAA 3aKJIOHAETCS B TOM, HTO KaXAasi

CNeAyoLWas nTepauns MeTofa OpTOroHasbHa NpeablayLLei:

oy, = arg min flz, —aVf(zy))
aeR*

YcnoBust onTrManbHOCTK:
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Trajectories with Contour Plot

Bonee TeopeTtnyeckuii, 4em npakTuyeckuii nogxog K Boibopy wara. OH Takxe nossonsiet
aHaNN3MPOBaTh CXOANMOCTb, HO TOYHbIV NUHENHbIA NONCK MOXET BbITh YNCIEHHO CNOXKHBIM, |
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MHOrO pecypcoB. N
VHTepecHoe TeopeTuyeckoe CBOIMCTBO 3TOFO MeTOfa 3aK/IO4AETCS B TOM, YTO KaXaast
cnefylolas UTepauns MeToda OPTOrOHasIbHA NpeablayLeii:

oy, = arg min flz, —aVf(zy))
aeR*
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Mpouecc Npama-LUmMugra

BXOA: 7N NNHERHO HE3aBUCUMbIX BEKTOPO

BbIXOA: N NMNHERHO He3aBUCUMbIX IIOIIapHO OPTOT OHAJIBHBIX BEKTOPOB
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B /— min

MeTog conpsikeHHbix Hanpasnenunii (CD)

Metopa conpsixennbix Hanpasnenuii (CD)
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O6uwasn npen bMéOP ﬂWé/ Wﬂ[ﬂ

® B uzorponHoM ciyyae A = I meToa Hauckopelilero cnycka/3anyLeHHsili 13 NpON3BOLHONR TOYKM B 7
OPTOrOHaJIbHbLIX JINHENHO HE3aBUCMMbIX HaMpaBNEHUSAX, COMOETCS 3a 7. WAroB B TOYHbLIX apuMeTn4eckunx
BbldMcNeHnsx. Mbl MbITaeMcsi MOCTPOUTL aHanormyHyto npouesypy B ciydae A # I ¢ ucnonb3osaHmem
KoHLuenuun A-opToroHanbHOCTH.
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Obuwaa upesn

B N30TPONHOM Cliy4ae A=1 METOoA HaI/ICKOpeﬁLIJeFO Cnycka, 33I'Iy|.|.l,eHHbIﬁ n3 I'IpOI/I3BOJ1bHOﬁ TOYKN B N
OPTOroHaNbHbIX JINHENHO HE3aBUCUMBbIX HanpaBaeHunsx, COVI,CI,eTCSI 3a N WaroB B TOYHbIX apmcbmequeCKmx
BbluucneHusix. Mel neitaemcsi NOCTPOUTb aHANOrM4YHYKO npouenypy B Ciaydae A 7£ I ¢ ncnonb3oBaHnem

KoHLuenuun A-opToroHanbHOCTH.

® [lpeanonoxum, y Hac ecTb Habop M3 1 INHERHO He3aBUCUMbIX A-OpTOroHanbHbIX HanpasieHuii dy, ...

(koTopble ByayT BbluMCaeHbI ¢ noMoLybio npouecca pama-LLimuara).
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OPTOrOHaJIbHbLIX JINHENHO HE3aBUCUMbIX HAMpPaBNEHUSX, COMAETCS 3a 1. WaroB B TOYHbLIX apuMeTnYeckunx
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KoHLuenuun A-opToroHanbHOCTH.

® [lpeanonoxum, y Hac ecTb Habop N3 1 NNHERHO He3aBUCUMbIX A-opToroHanbHbIX Hanpasnenwnii dg, ..., d
(koTopble ByayT BbluMCaeHbI ¢ noMoLybio npouecca pama-LLimuara).

® Mbl XOTUM NOCTPOUTL METOJ, KOTOPLIA NAET N3 T B T* ANA KBaAPATUHHON 3afa4M C WaraMu «;, KOTOPBIi,
haKTUYeCKN, SIBNSIETCA PasioxXeHneM X — z, B HEKOTOpPOM basnce:

n—1 n—1
— WK —
x fx0+g a,d; x —.Z'O—E o,d;
i=0 i=0

n—1
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BblumcneHnsx. Mbl NbiTaeMcsi NOCTPOUTL aHanoruyHyto npoueaypy B cnydae A & I ¢ ncnons3osaHnem
KoHLuenuun A-opToroHanbHOCTH.

® [lpeanonoxum, y Hac ecTb Habop N3 1 NNHERHO He3aBUCUMbIX A-opToroHanbHbIX Hanpasnenwnii dg, ..., d
(koTopble ByayT BbluMCaeHbI ¢ noMoLybio npouecca pama-LLimuara).

® Mbl XOTUM NOCTPOUTL METOJ, KOTOPLIA NAET N3 T B T* ANA KBaAPATUHHON 3afa4M C WaraMu «;, KOTOPBIi,
haKTUYeCKN, SIBNSIETCA PasioxXeHneM X — z, B HEKOTOpPOM basnce:

n~(
t n—1 n—1
Y ¥omZddly | = | o x-S
"’:o =0 =0

® Mbl fokaxkeM, 4TO ¢v; U d; MOTYT BbITb NOCTPOEHbI O4eHb SOEKTUBHO C BLIYNCAUTENLHON TOYKMN 3PEHNS
(MeTop conpsieHHbIX rpagMeHToB).

n—1
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Npes metopa conpsixxenHbix Hanpasnenuin (CD)

Takum obpazsom, Mbl POPMYIVPYyEM anropuUTM:

1. Nycts k=0 u z;, = xy, nocuutaem dy, = d, = —V f(z).

‘f - {ny": MeTog conpsikeHHbix Hanpasnenunii (CD)
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Npes metopa conpsixxenHbix Hanpasnenuin (CD)

Takum obpazsom, Mbl POPMYIVPYyEM anropuUTM:

1. Nycts k=0 u z;, = xy, nocuutaem dy, = d, = —V f(z).
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mMutumunsupyst f(z, + ayd,) no dopmyne

U =TT 4T Ad,,

dj, (Az; — )

"
J, =l

- -

9« Aqx

— min o
‘f Tz MeTog conpsikeHHbix Hanpasnenunii (CD)

% Ag
= ﬁ_‘{&'i oly= -
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Npes metopa conpsixxenHbix Hanpasnenuin (CD)

Takum obpazsom, Mbl POPMYIVPYyEM anropuUTM:

1. Nycts k=0 u z;, = xy, nocuutaem dy, = d, = —V f(z).
2. C nomoLybio Npouesypbl TOYHOTO JIMHEAHOrO MOUCKA HAXOA4UM ONTUMAbLHYIO AAnHY wara. Beiuucnsem o
mMutumunsupyst f(z, + ayd,) no dopmyne

dy (Az), — b)
oy = —————=
b ] Ad,

3. BbII'IOJ'lHﬂeM war anropnTtma:
T = T + gdy

D ——
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Npes metopa conpsixxenHbix Hanpasnenuin (CD)

Takum obpazsom, Mbl POPMYIVPYyEM anropuUTM:

1.
2.

Mycts k=0 un x;, = x, nocuutaem d;, = dy = —V f(z).
C nomoLLbI0 NPoLeaypbl TOYHOTO JIMHEAHOTO MONCKA HAXOAUM ONTUMANBLHYIO AAnHY wara. Beidncnsem o

mMutumunsupyst f(z, + ayd,) no dopmyne
BRD o
TOEM

dy (Az), — b)
oy = —————=
b ] Ad,

BbII'IOJ'lHﬂeM war anropnTtma:
T = T + gdy

. ObHoensiem Hanpaenenune] dy, = —V f(2},,1) + Bd;, |B uensix coxparenn ae [ Bbluncasercs
no chopmyne:
_ vf(xk+1)TAdk
d} Ad,

T B
- %kﬂ X PK&K>0‘\L=O
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Npes metopa conpsixxenHbix Hanpasnenuin (CD)

Takum obpasom, Mbl hopMyMpyeM anropuTM:

1.
2.

Mycts k=0 un x;, = x, nocuutaem d;, = dy = —V f(z).
C nomoLLbIo Npouesypbl TOYHOTO MHENHOMO NMOMCKA HAXOAUM ONTUMANbLHYIO ANUHY wara. Beiuncnsem o
Mutumunsupyst f(z, + aydy,) no dopmyne

dy (Az), — b)

T i ¥

. Bbinonusem war anropnTmMa:

T = T + gdy

. ObHoBnsiem Hanpaenenve: d, = —V f(x;,,1) + Bid;, B uensix coxpanenns dy; L 4 dy, rae B), Bbiuncasiercs
no chopmyne:
8, = V()" Ady
F d} Ad,

. MosTopsiem warun 2-4, noka He NOCTPOMM 7. HaNpaBNEHWi, TAE M - PA3MEPHOCTb NPOCTpPaHCTBa ().
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiiHas He3aBUCMMOCTb A-OpPTOroHasbHbIX BEKTOPOB.

Ecan mHoxecTBo BeKTOpOBm- nonapHo A-opToroHasnbHbl (Kaxaas napa BekTopos A-opToroHanbHa),
TO 3TN BEKTOPbI NNHeliHO HesaBucumbl. A € ST .
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiiHas He3aBUCMMOCTb A-OpPTOroHasbHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpOB dy, ... ,d,, - nonapHo A-opToroHanbHbl (Kaxaasi napa sektopos A-opToroHansHa),
TO 3TU BEKTOPbI NNHeliHO HesaBucumbl. A € ST .

[OokasatenbcTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To BCe kO3DULMEHTBI JOMKHBI BbITb PaBHbI HYJIHO:
i=1
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiiHas He3aBUCMMOCTb A-OpPTOroHasbHbIX BEKTOPOB.

Ecan mHoxecTBO BeKTOpOB d, ...

,d,, - nonapHo A-opToroHanbHsl (Kaxxgasi napa sektopos A-opToroHansHa),

TO 3TU BEKTOPbI NNHeliHO HesaBucumbl. A € ST .

[HokasaTenscTso V\M“OKO AU 3 d\ QL;-O

nOKa)KeM, 4TO ecny

> ad; =0,
i=1

— min o
‘f Tz MeTog conpsikeHHbix Hanpasnenunii (CD)

TO BCe KOSdI)CbVIU,VIeHTbI AOJIXKHbI bbITh PaBHbI HYNHO:

—

Ak | 0-Sae
o= 3 Lo = de dy Mk

- o(v.’*O
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[ ~
1 Jlemma 1. JlnHeiiHas He3aBUCMMOCTb A-OpPTOroHasbHbIX BEKTOPOB.

Ecnu mHoxecTBo BekTOpOB dy, ... ,d,, - nonapHo A-opToroHanbHbl (Kaxaasi napa sektopos A-opToroHansHa),
TO 3TU BEKTOPbI NNHeliHO HesaBucumbl. A € ST .

[OokasatenbcTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To BCe kO3DULMEHTBI JOMKHBI BbITb PaBHbI HYJIHO:
i=1

0= 2": oyd;
im1

T T
YmHoxaem Ha d; A =d; A Zl a;d;
=
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n
Mokaxem, 4to ecan Y a,;d; = 0, To BCe kO3DULMEHTBI JOMKHBI BbITb PaBHbI HYJIHO:
i=1

0= 2": oyd;
im1

T _ _
VmHoxaem Ha d A- =djA Zl ad; | = Zl a,d] Ad;
i= i=
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiiHas He3aBUCMMOCTb A-OpPTOroHasbHbIX BEKTOPOB.
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[OokasatenbcTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To BCe kO3DULMEHTBI JOMKHBI BbITb PaBHbI HYJIHO:
i=1

0= 2": oyd;
im1

djTA i ad; | = i aidJTAdi
i= i=

adeTAdj +0+...4+0

VYMHOXKaeM Ha djTA~
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Metopa conpsixeHHbix Hanpasnenuii (CD)

[ ~
1 Jlemma 1. JlnHeiiHas He3aBUCMMOCTb A-OpPTOroHasbHbIX BEKTOPOB.

Ecnn mHoxecTBO BeKTOpOB d1, ..., d,,
TO 3TU BEKTOPbI NNHeliHO HesaBucumbl. A € ST .

[OokasatenbcTBo

n
Mokaxem, 4to ecan Y a,;d; = 0, To BCe kO3DULMEHTBI JOMKHBI BbITb PaBHbI HYJIHO:
i=1

0= 2": oyd;
im1

d]TA iaidi :iaidJTAdi
1= 1=

adeTAdj +0+...4+0

VYMHOXKaeM Ha djTA~

Takum obpasom, a; = (), Ans BCex OCTaNbHbIX NHAEKCOB HYXKHO MPOAENaTH TOT Xe MpoLecc

B/~ i

- nonapHo A-opToroHasnbHbl (Kakaasi napa BekTopos A-opToroHasnbHa),
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Joka3satenbCcTBO CXO04UMOCTU

Beegem cnegytowne obosHadeHums:

ol 7, = b— Az |- HeBs3ka

— min o
‘f Tz MeTog conpsikeHHbix Hanpasnenunii (CD)
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I
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Naes metopa conpsixenHbix rpaguentos (CG)

® 370 byKBa/IbHO METOJ COMPSKEHHbIX HAMPAB/EHNIA, B KOTOPOM Mbl BbibMpaem creyuanbHblii Habop dy, ...
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NO3BONSAIOWNIA 3HaYNTENBHO yckopuTb npouecc Ipama-LLmunara.

® cnonb3ayetcs npouecc pama-LUmugra ¢ A-optoronansHocTbto BMecTo EBKNMAOBOI OpTOroHansHOCTH, YTODLI
NoNy4YnUTh UX U3 Habopa HavasbHLIX BEKTOPOB.
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Naes metopa conpsixenHbix rpaguentos (CG)
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® OcHOBHasi UAes 3aK/to4aeTcst B TOM, 4TO ans npoussonbHoro metoga CD npouecc pama-LLmugra
BbIYNC/INTENBHO JOPOroii 1 TpebyeT KBaApPaTUHHOrO HMCAA OMEPaLNii CIOXKEHNST BEKTOPOB 1 CKasISiPHbIX
npoussepeHnii O (n?), B To Bpems kak B ciydae CG Mbl NOKaXKeM, HTO CIOKHOCTb 3TOM NPOLEAYPbI MOXKET
6bITb ymMeHbLueHa Ao auHeiitoi O (n).
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QROBE ANGPHES

o

CG=CD+ry,...,7r,_; KaK HavaibHble BeKTOpbl Anst npouecca [pama-LLimuara + A-opToroHanbHOCTb.
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Jlemmbl ana cxogumocTun

i Nlemma 5. Hessskn opToroHanbHbl apyr apyry s metoae CG

Bce HeBszkn B meToge CG opToroHanbHbl Apyr Apyry:
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I, =0 Vi#k
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3aMeHeHHbIM Ha {-,-) 4 = 27 Ay
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rTr,=0 Vi# k (8)
=

DokasatenscTBo ind

3anuwem npouecc Mpama-LLmungra (2) ¢ (-, ) maex

3aMeHeHHbIM Ha {-,-) 4 = 27 Ay I I | |

0 7 k n—1

Y

<dja ui)A

oy, ¢

k—1
di=u;+)_ Bd; B =—
=0

9
) VMHoxaem obe vactn (9) Ha rg- A5 HEKOTOPOro uHAaekca k:

k—1
Torp,a, Mbl NCNOJIb3YEM HEBA3KWN B Ka4eCTBeE

r{di = r{ui + E ﬁjirgdj
Ha4aNbHbIX BEKTOPOB AJsl NPOLECca u u; = 7. .

J=0 .
U YAt

d»:rz—l—kifﬂ»d 3..:_M (10)
=S (dj, d;j) a
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rTr,=0 Vi# k
[JokasatenbcTBo
3anuwem npouecc Mpama-LLmungra (2) ¢ (-, )
3aMeHeHHbIM Ha {-,-) 4 = 27 Ay

3>
1 T T 1 =

0 7 k n—1

k—1 <d >
W) A
d = u. Z d. B = A (g
¢ it — Bjid; Bii (dj,dj) (9) YmHoxaem obe uactu (9) Ha 1T+ ans HekoToporo ungekca k:
=
k—1
Torga, Mbl UCMO/Ib3YEM HEBA3KU B Ka4eCcTBe T — T+ Zﬁ"er'
Ha4asibHbIX BEKTOPOB AN Npouecca u u; = 7. k= k™ = JiTk g
1 (o) s Ecnmn j < i < k, T0 nmeem nemmy 4 ¢ diTr,c =0mn djTrk = 0. Nmeem:
d. =7, + § :g,d. B, = ——2-"2 (10)
K3 3
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnun k = i:

‘f - nin MeTog conpsikeHHbix rpagneHtos (CG)

CH

T, _.T T
redp = TR U + E BTy d;
7=0

22


Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Jlemmbl ana cxogumocTun

Bonee Toro, ecnun k = i:

‘f - fny": MeTog conpsikeHHbix rpagneHtos (CG)

T, _.T
Trdp =Tpug+ ) B;
=0

kr,{dj = r,{uk + 0,
L J

22


Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Jlemmbl ana cxogumocTun

Bonee Toro, ecnun k = i:

‘f - nin MeTog conpsikeHHbix rpagneHtos (CG)

k—1
T, _ T T, _ T
rkdkfrkuk+g BT d; = i up + 0,
7=0

22


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Jlemmbl ana cxogumocTun

Bonee Toro, ecnun k = i:

rid, = rfu, + Zﬁjkrk =rTuy, + 0,

n Mbl nMeem st aoboro k (n3-3a nponssonbHoro Beibopa i):

T T
rgdk = T%uk. rk' dK = rk rK (11)
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Jlemmbl ana cxogumocTun

Bonee Toro, ecnun k = i:
k—1

T, _ T T, _ T
T dy =1 Uy + E BT d; = i up + 0,
=0

n Mbl nMeem st aoboro k (n3-3a nponssonbHoro Beibopa i):

Tg — T
T dy = T Uy

o
1 Jlemma 6. lNepecueT HeBs3KN

Thi1 = T — 0 Ady,

‘f - 5“4}‘} MeTog conpsikeHHbix rpagneHtos (CG)
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k—1

T, _ T T, _ T
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n Mbl nMeem st aoboro k (n3-3a nponssonbHoro Beibopa i):

o
1 Jlemma 6. lNepecueT HeBs3KN

Tg — T
T dy = T Uy

Thi1 = T — 0 Ady,

The1 = —Aepiq

HakoHeu, Bce 3Tn BblleyKa3aHHble IEMMbl AOCTAaTOYHbI 451 [OKa3aTeNbCTBa, YTO 5]'2' = 0 ans Bcex i, j, Kpome

COCEMIHUX.
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Fpam-LLmnar 8 metoge CG

Paccmotpum npouecc Npam-LLimuara B metoge CG
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MeTog conpsikeHHbix rpagneHtos (CG)
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Fpam-LLmnar 8 metoge CG A =
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J (dj,dj> dj Ad; dj Ad; dj Ad;
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K J

P
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Fpam-LLmnar 8 metoge CG

Paccmotpum npouecc Npam-LLmuara B metoge CG
(dj,u;)a df Au, df Ar, rT Ad;

ﬁﬁ:_ - = = ! y

(ddyy,  dTAd;  dTAd;  dlAd,

PaccmoTprm ckansipHoe npounssefeHus (ri,er) ncnonbsys (12):

<7“i77“j+1>
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Mpam-LLUmnar 8 metoge CG J
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T T T
5. = _(dj,ul)A _ dj Au;  dj Ar r; Ad;
ji

{djdyy,  dTAd;  dTAd;  dTAd;

PaccmoTprm ckansipHoe npousseferue (ri,er) ncnonbsys (12): l
<7"z'77“j+1> = <ri7rj - ajAdj> = <Tz‘77’j> - O‘j<ri7 Adj>
Oéj<T11aAdj> = <7"7:77’j> - <7"1‘,a7"j+1>

1. Ecwm i = ji a(ry, Ady) = (ry,m3) — (rispfe1) = (13, 7;). DTOT CyHail He MHTEPECEH MO MOCTPOEHMIO MPOLLECca
[pam-LLmungra.

— \y nX
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)
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Paccmotpum npouecc Npam-LLmuara B metoge CG —

Mpam-LLUmnar 8 metoge CG Y
)

.

T R I T T
- N—— J

PaccmoTprm ckansipHoe npousseferue (ri,er) ncnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>

Oéj<T11aAdj> = <7"7:77’j> - <7"1‘,a7"j+1>

1. Ecwm i = ji a(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7;). DTOT CyHail He MHTEPECEH MO MOCTPOEHMIO MPOLLECca

[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (ry,r_q) — (ry,my) = —(r;,7;)
3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

na i =g+ 1
rT Ad.

= —77' J
%5 =~ arAd,

Hakoteu, mMbl umeem

‘f - 5‘5}‘3 MeTog conpsikeHHbix rpagneHtos (CG)

23


Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

Daniil Merkulov

https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Mpam-LLUmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmuara B metoge CG
(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npousseferue (ri,er) ncnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>
Oéj<T11aAdj> = <7"7:77’j> - <7"1‘,a7"j+1>

1. Ecm i = j{oy(r;, Ad;) S (r;,r;) — (ri,riHTOT Cilyyail He MHTEpEeceH MO MOCTPOEHMIO MpoLecca

[pam-LLmnaTa:
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (ry,r_q) — (ry,my) = —(1;,75)
3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny anst @ = j + 1:

‘f - 5‘5}‘3 MeTog conpsikeHHbix rpagneHtos (CG)
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Mpam-LLImuaT 8 metope CG
Paccmotpum npouecc Npam-LLmuara B metoge CG
(dju)a _ dj Au, df Ar, rT Ad,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npousseferue (ri,er) ncnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>

Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>

1. Ecwm i = ji a(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7;). DTOT CyHail He MHTEPECEH MO MOCTPOEHMIO MPOLLECca

2"
[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (ry,r_q) — (ry,my) = —(r;,7;)

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny anst @ = j + 1:
ri Ad, 1 (rg,m) d;"FAdj (ri,m:)

= J_ =
Ui = TTAd, T o, dTAd, ~ dTr, dTAd,

J
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Mpam-LLUmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmuara B metoge CG
(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npousseferue (ri,er) ncnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>
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1. Ecwm i = ji a(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7;). DTOT CyHail He MHTEPECEH MO MOCTPOEHMIO MPOLLECca

[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (ry,r_q) — (ry,my) = —(r;,7;)

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny anst @ = j + 1:
r] Ad; L (r,r) d;‘.FAd (risry) — (rismy)

20" 17 "1

B, =——t = = L =
J dTAd; ~ a;dT Ad, djTAdj (rj,r;)

(]

‘f - 5‘5}‘3 MeTog conpsikeHHbix rpagneHtos (CG)
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Mpam-LLUmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmuara B metoge CG
(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npousseferue (ri,er) ncnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>

Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>

1. Ecwm i = ji a(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7;). DTOT CyHail He MHTEPECEH MO MOCTPOEHMIO MPOLLECca

2"
[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (ry,r_q) — (ry,my) = —(r;,7;)

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMY 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny p,n

B. = 7TITAdj _ i(ﬁvﬁ) _ d;"rAdj {ri,m:) _ (rism;) _ (rismi)
J df Ad; oy df Ad; dfr; dTAd;  (rjr;)  (riq,mioq)

J

‘f - 5‘5}‘3 MeTog conpsikeHHbix rpagneHtos (CG)
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Mpam-LLImuaT 8 metope CG
Paccmotpum npouecc Npam-LLmuara B metoge CG
(dju)a _ dj Au, df Ar, rT Ad,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npousseferue (ri,er) ncnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>

Oéj<T11aAdj> = <Ti7rj> - <7"1‘,a7"j+1>

1. Ecwm i = ji a(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7;). DTOT CyHail He MHTEPECEH MO MOCTPOEHMIO MPOLLECca

2"
[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (ry,r_q) — (ry,my) = —(r;,7;)

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny anst @ = j + 1:
ri Ad, L (risry) d;"rAdj (risry)  (rom) — ({rma)

B, =——t = = —
! djTAdj @; d;“FAdj djTT djTAdj <ijTj> (Ti1,7im1)

J
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Mpam-LLUmnar 8 metoge CG
Paccmotpum npouecc Npam-LLmuara B metoge CG
(dj,u;)a df Au, df Ar, rlAd,

B =— - - - i
T dydy),  dTAd; - dTAd;  dTAd,

PaccmoTprm ckansipHoe npousseferue (ri,er) ncnonbsys (12):
<7"z'77“j+1> = <ri7rj - ajAdj> = <7'i77’j> - O‘j<ri7 Adj>

Oéj<T11aAdj> = <7"7:77’j> - <7"1‘,a7"j+1>

1. Ecwm i = ji a(ry, Ady) = (ry,m3) — (ry,m01) = (73, 7;). DTOT CyHail He MHTEPECEH MO MOCTPOEHMIO MPOLLECca

2"
[pam-LLmungra.
2. Coceannii cnyyait i = j+ 1: a;(r;, Ad;) = (ry,r_q) — (ry,my) = —(r;,7;)

3. Ons nioboro apyroro cnyuas: a(r;, Ad;) = 0, NOTOMy 4TO BCe HEBA3KN OPTOrOHaNbHbLI APYT APYrY.

Hakoneu, mbl nmeem copmyny anst @ = j + 1:
r] Ad; L (r,r) d;"rAdj (risry)  (rom) — ({rma)

27 "1 171

B = g = —
J df Ad; oy df Ad; dfr; dTAd;  (rjr;)  (riq,mioq)

J

T T

( k+1 k+1>
W pns nanpasnenuns|d, ; = . + 5,6’,6 1dg, ﬁk = X kD k¥l
B /— min <7'k»7’k>

MeTog conpsikeHHbix rpagneHtos (CG)
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Mertop, conpsixeHnHbix rpaguentos (CG)

‘f — min
Tz

MeTog conpsikeHHbix rpagneHtos (CG)

ro :=b— Ax,

if rg is sufficiently small, then return x;, as the result
dy :==r,

k:=0

repeat \AHA

X1 = X, + o d; LL_'%T ) g
rpo =1, —a Ad, nepec T HeEe3KY

if r;.,; is sufficiently small, then exit loop

-
- B, e Tri1Th+1
[

rZrk
eanP
dyyy o= Ty + Bedy |k nocipoeHUe Hooaoxo HeanP
k:i=k+1

end repeat

return x; | as the result

rir, \ \M(ﬂp (wamck. enyck € eerupd\
~ dlAd,
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3akpbiBaem

KBagpaTU4HbIiA BONpOC

x=1.0
—e— GD
4 - —e— Accelerated GD
—e— CG
2 -
0 -
-2
—4
-4 -2 0 2 4
X1

‘f — min
Tz

MeTog conpsikeHHbix rpagneHtos (CG)

x=100.0
—e— GD
4 —eo— Accelerated GD
—— CG
2 .
0 .
-2 4
—4 4
-4 -2 0 2 4
X1
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CxogumocTtb

Teopema 1. Eciin matprua A vMeeT TONLKO T PasinyHbIX CODCTBEHHbIX 3HAYEHWUI, TO METOZ, COMPSIXKEHHbBIX
rpajVeHToOB CXOQUTCA 3a T UTepauuii.

Teopema 2. Cne,u,yrou.l,aﬂ OUEHKa CXOA4NMMOCTU BbIMONMHAETCA AN MEeTOAA CONPAXEHHbIX FrpaANEeHTOB, Kak AnA
NTEPALNOHHOIO ME€TOo4a B CUJTbHO BbII'IyKJ10I7I 3a4a4yer

k(A)—1
Kk(A)+1

), — a4 <2 lzo — "],

rae x4 = 2T Az v n(A) = ijf(g% - 370 4mcno obycnosneHHoctn matpuusl A, A (A) > ... > X, (A) - cobcTeentble

3HaYeHust MaTpuubl A

Mpumevanue: CpaBHute KO3PPUUNEHT rEOMETPUHECKON MPOrPECCUN C €r0 aHaloroM B METOAE FPaANeHTHOrO
cnycka.

Metog, conpsixerHbix rpagmneHtos (CG) P00 O 26
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HYucneHHble IKCNEPUMEHTDI

100 4

Eigenvalues

|fix) — "]

1
flz)= ixTA:c —bTr — min

103 A
100° A
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Function gap

zeR™

Convex quadratics. n=60, random matrix.

Norm of Gradient
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o
@ 601
=]
©
£ 40-
(9]
2
w20
0 -
0 20 40 60
Dimension
—— Gradient Descent
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HYucneHHble IKCNEPUMEHTDI

Eigenvalues

1
flz)= ixTA:c —bTr — min

xeR™

Strongly convex quadratics. n=60, random matrix.

|fix) — "]

Function gap

Norm of Gradient

10° 107 1 ™=
100 4 1075 4
1073 4 fN 10714
™
= -22 |
10—6 J E 10
-30 |
10-9 A 10
10712 \ 1073 4
T ;
0 25 50 75 100 0
Iteration

—— Gradient Descent

100 ¢

« [ 4
u [
© 80 A
0
£
2 60
>
j=
& 40
o

20 A

0 20 40 60
Dimension
‘f - iny": MeTog conpsikeHHbix rpagneHtos (CG)

—-= Steepest Descent

——=~ Conjugate Gradients
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HYucneHHble IKCNEPUMEHTDI

Eigenvalues of A

B /— min

_1r T :
f(m)—izc Az —b @ — min

Strongly convex quadratics. n=60, random matrix.

Eigenvalues Function gap Norm of Gradient
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HYucneHHble IKCNEPUMEHTDI

Eigenvalues

1
flz)= ixTA:c —bTr — min

xeR™

Strongly convex quadratics. n=60, clustered matrix.

Function gap

Norm of Gradient
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B /— min

MeTog conpsikeHHbix rpagneHtos (CG)
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HYucneHHble IKCNEPUMEHTDI
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Strongly convex quadratics. n=600, clustered matrix.
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HYucneHHble IKCNEPUMEHTDI

1
flz)= ixTA:c —bTr — min

xeR™

Strongly convex quadratics. n=60, uniform spectrum matrix.

Eigenvalues
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HYucneHHble IKCNEPUMEHTDI
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B /— min

Mertop conps>xeHHbIx rpagueHToB ans HeksagpatuyHbix 3aaad (Non-linear CG)
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MerTop, conpsixeHHbIX rpagveHToB Ans HekBagpaTuydHbix 3agad (Non-linear CG)

B cnyuyae, korga HeT aHaIMTUYECKOrO BbIPAXXEHUS A5t (DYHKLUNMN UM €€ TPafMeHTa, Mbl, CKOPEe BCEro, HE CMOXXEM
peLnTb OL4HOMEPHYIO 3a4ady MUHMMM3auMKM aHanuTudeckn. NosTomy war 2 anroputma 3ameHseTcst 0bbIYHONM
npoueaypoii nnHeiiHoro noucka. Ho ecTb cnepyrowinii MaTeMaTUYECKMIA TPIOK A/t HETBEPTOro Lwara:

[Ons aByx utepauuii cnpasegnueo:
Ty — Ty = cdy,

— min .
‘f o MeTog conpsikeHHbIX FPaANeHTOB Ans HekeaapaTudnbix 3agad (Non-linear CG)
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peLnTb OL4HOMEPHYIO 3a4ady MUHMMM3auMKM aHanuTudeckn. NosTomy war 2 anroputma 3ameHseTcst 0bbIYHONM
npoueaypoii nnHeiiHoro noucka. Ho ecTb cnepyrowinii MaTeMaTUYECKMIA TPIOK A/t HETBEPTOro Lwara:

[Ons aByx utepauuii cnpasegnueo:
Ty — Ty = cdy,

rae ¢ - HEKOTOPAsA KOHCTaHTa. Tor,u,a ANA KBAAPATUHHOIO Ciy4as Mbl UMeEEM:

Vf(@ra) = VIxg) = (Azgyy —b) — (Azy — b) = A(wgyy — ) = cAdy,

— min .
‘f o MeTog conpsikeHHbIX FPaANeHTOB Ans HekeaapaTudnbix 3agad (Non-linear CG)
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MerTop, conpsixeHHbIX rpagveHToB Ans HekBagpaTuydHbix 3agad (Non-linear CG)

B cnyuyae, korga HeT aHaIMTUYECKOrO BbIPAXXEHUS A5t (DYHKLUNMN UM €€ TPafMeHTa, Mbl, CKOPEe BCEro, HE CMOXXEM
peLnTb OL4HOMEPHYIO 3a4ady MUHMMM3auMKM aHanuTudeckn. NosTomy war 2 anroputma 3ameHseTcst 0bbIYHONM
npoueaypoii nnHeiiHoro noucka. Ho ecTb cnepyrowinii MaTeMaTUYECKMIA TPIOK A/t HETBEPTOro Lwara:

Ons nByx utepauwnii cnpaeesaneo:

Ty — Ty = cdy,

rae ¢ - HEKOTOPAsA KOHCTaHTa. Tor,u,a ANA KBAAPATUHHOIO Ciy4as Mbl UMeEEM:

Vf(@ra) = VIxg) = (Azgyy —b) — (Azy — b) = A(wgyy — ) = cAdy,

1
Beipaxas ns atoro ypasHenns senuundy Ad, = = (Vf(z,.1) — Vf(z})), Mbl nsbaensemcs oT sHaHES PyHKLUMM B
c

onpeaeneHnn Bk' TOoraa NyHKT 4 6yp,eT nepenncaH Kak:

V(@) (VF(xpe0) — V)
dl-cr(vf(karl) — Vf(zy))

IToT MeTog HaskiBaeTcs MeTogoM [Mongika-Pubsepa.

B =

‘f - 5“4}‘} MeTog conpsikeHHbIX FPaANeHTOB Ans HekeaapaTudnbix 3agad (Non-linear CG) P00 O
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Regularized binary logistic regression. n=300. m=1000. p=1
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Regularized binary logistic regression. n=300. m=1000. p=1
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Matonornyeckuii npumep

Mycts t € (0,1) n
t WVt )
VI 1+t i 0
W= Vi 14t Vi , b=

Vi o1+t
Tak kak W HeBbIpoXAeHHA, CylecTBYeT eAnHCTBeHHOe peweHne Wx = b. PelweHne meTogoM conpsieéHHbIX

rpagneHToB p,aéT AOBOJIbHO NNOXYH CXOANMOCTb.

Bo Bpems pabotbl CG owmnbka pacTér skcnoHeHuymansHo (1), noka BHE3aMHO He CTaHOBMUTCS HYNEBOMA, KOTAA
HaXOAUTCS €ANHCTBEHHOE peLLeHNE.

® Hessizka |[Wx;, — b||? pacTéT skcnowenumansho kak (1/t)* no n-it wTepaunu, nocne Hero pesko nagaet K Hyso.
Cm. aKCnepuMeHT 3aech @

‘f - 5‘5}‘3 MeTog conpsikeHHbIX FPaANeHTOB Ans HekeaapaTudnbix 3agad (Non-linear CG) DO
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Opyrne yncneHHblie 3KCNEPUMEHTbI

MocmoTpum apyrue npumepst 3aeck . Kog e3st u3 ().

[ — min .
2,9,z MeTog conpsikeHHbIX FPaANeHTOB Ans HekeaapaTudnbix 3agad (Non-linear CG)
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