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B /— min

MaTtpunyHo-sektopHoe guddepeHumnposaHune

Matp

TOpHOE
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papueHTt

Myct

flz): R" = R,

HaCTHbl€ MPON3BOAHbIE!

‘f — min
Tz

orpa BEKTOp, KOTOPbIA COAEPXKNT BCE MepBble

V() =

af

dr

of
)

‘of
Oxq
af

oz

n

Matp TOpHOE
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papueHTt

Mycts f(x) : R™ — R, Toraa BeKTOp, KOTOPbI COAEPXKNT BCE MEPBble
4aCTHbIE NPON3BOAHBIE:

of

oz

d of

Vf(x) = é = df2
of

‘,L.TL

Ha3blBaeTcs rpagneHTom yHkumn f(z). DTOT BEKTOp ykasbiBaeT
HanpaB/ieHNe HaUCKOpeiiLlero Bo3pacTaHns. Taknm obpasom, BekTop
—V f(x) ykasbiBaeT HanpaBneHme Hanckopeiilwero ybbigaHus
dyHKLMM B Touke. Kpome Toro, BeKTop rpagueHTa Bcerga
OPTOroHasieH JIMHUN YPOBHS B TOYKE.

— min L
‘f Tz Matp TOpHOE

Example
Ons dyrkuun  f(z,y) = 22 + 32
rpajueHT paseH:
2x
On yKasbiBaeT HanpasneHne

Hanckopeiiluero Bo3pactaHus yHKLuN.

Question

Kak cBsizaHa Hopma
KPYTU3HOW dhyHKLMN?

rpagmneHTa ¢


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Feccuan

Mycts f(x) : R™ — R, Torga matpuua, Coaepxallas BCE BTOPble
YaCTHbIE NPONSBOANGIE:

0% f 9% f 9% f
Oz, 0z, Oz, 0y oz, 0z,
82]1' 9*f *f *f
f” (:E) = sz(a:) = 9701 = 3502:3391 6-702:8352 6302:83%
#g : : . .
9%f 9%f 9%f
oz, 0z, Oz, 0xy Oz, 0z, nxn

— min
‘f Tz Matp TOpHOE
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Feccnan a:\a =0 ﬁ_ :Q‘X gé—: Za,

X

Mycts f(x) : R™ — R, Torga matpuua, cofepxallas BCe BTOpble
YaCTHblE NPON3BOAHBIE:

Example
9?2 9? 92
axlale awlg% axlaj;n Ons dynkumn f(z,y) = 22442 reccuan
82f *f 0% f 0% f paBeH:
f// (I) _ v2f(m) — m — 8:52:6,@1 83?2:8:1,'2 Ba:zzaxn
Y o2 o2 o2 Hy(z,y) = >0
Jx, 0z, ox,, 04y Oz, 0z, 0 2

leccnan moxet 6biTb Tensopom: (f(x) : R™ — R™) Takum obpasom,
3TO MPOCTO TPEXMEPHbIN TEH30P, KaXXAbIJi CPE3 KOTOPOro 3TO reccuaH
cooTeTCTBYIOWEl ckansiprolt dyrkuun (V2 fy(z), ..., V2 £, (2)).

DTa MaTpuua COAEPXUT nHdOPMaLUio O
KpnBU3HE (DYHKLMM B Pa3HbIX HaMNpaBAeHUsIX.

Question
Kak MOXHO uncnonb3oBaTh reccuad

4N onpeaeneHusi  BbINYKAOCTW  UAW
BOTHYTOCTU hyHKLUMN?

‘f% 5“3‘3 Matp TopHoe andd 0 O
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Teopema LLBapua
Mycts f: R™ — R - dyHkuus. Ecam cmewantble

2
HaCTHblE€ NPON3BOAHbIE % n

2 f

Oz ;0x;

HEMNpPEePbIBHbI Ha

J
OTKPbITOM MHOXECTBE, COAEPKALLEM TOYKY @, TO OHU
PaBHbl B TOYKE @. To ecTb,

‘f — min
Tz

_Pf
0x,;0z;

(a) =

_OF
- Oz;0x;

(a)

Matp

TOpHOE
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Teopema LLBapua
Mycts f: R™ — R - dyHkuus. Ecam cmewantble
9% f 9% f
HaCTHblE NPONSBOAHBIE 5o M 55— HENPEPbIBHLI Ha
OTKPbITOM MHOXECTBE, COLEPXKALLEM TOYKY @, TO OHM

PaBHbl B TO4YKE a. To €CTb,

O =2
Ox,;0z; “= Oz ;0x; “

CornacHo paHHolA Teopeme, eCn CMeLlaHHbIE YaCTHble
MPON3BOAHbLIE HENPEpPbIBHbI Ha OTKPbITOM MHOXECTBE, TO
reccmaH cuMmeTpuueH. To ecTb,
0%f 0%f
_ 2 _ (o2 T
== Vif(x) = (V*f(2))
Ox;0x;  Oz,;0x;
J il

DTa CUMMETPUYHOCTb YMPOLLAET BbIYMCAEHIA U aHauU3,
CBS3aHHbIE C FeCCMAHOM B Pas3/INYHbIX NPUNOXKEHNSIX,
0COBEHHO B ONTUMU3ALUN.

Matp TOpHOE

1 Koutpnpumep LLgapua

zy(z?—y?)

T — 72 +92 ana (.Z‘, y) 7é (07 0)7
T =1, ans () = (0,0).

MoxHo nposepuTsh, YTO aizgy((), 0) # 62262(0,0),
XOT$ CMeLlaHHble YacTHble nNpoun3BoAHble
CYLLIeCTBYIOT, N B  KOXAOW  [pyron  Touke
CUMMETPUYHOCTb BbINOJIHAETCS.

0 0
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SAkobunan g : QV‘ — R v‘f; : ‘R n'_\’ﬁh

O60bleHneM NOHATUA rpagneHTa Ha ciyyali '\Q_CCLLCLH O 9((0%\1&“ Wauﬂjqq

mHoromepHoii yrkumnn f(z) : R™ — R™ ssnsercs

. Example
cnegyrollas MaTpuua:

Onsa dyHkymn
oh 8L O
L1 L1 L1
L+ Y
af _ |8 o o fley) = |
J, = /I = Y = Oxq Oxy Oy ’ x—uyl’
9f1  Ofs )l Skobuan paseH:
n ox,, ox,, ox,,
1 1
OHa coaepXuT MHPOPMaLMIO O CKOPOCTU U3MEHEHMS Jf(gg7 y) =17
bYHKLNM MO OTHOLLEHNIO K €€ BXOAY.

Question Question
MoXHO An CBA3aTb 3TV TpU ONpeAeneHns Bbllle
(rpagmeHT, sikobuaH, 1 reccuan) ¢ NOMOLLLIO OfHOTO
yTBEPXKAEHUA?

Kak maTpuua 7kobu cBsizaHa C rpagueHToM [Ans
CKaNspHbIX yHKLNA?

‘f% 5“3‘3 Matp TopHoe andd 0 O
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NTor

of (x
flx): X =Y, @) g
oz
X Y G Name
R R f’(x) (npownssoaHas)
0
R™ R R™ —— (rpagueHT)
b,
R'U R'V"/ R"X7n 8 i (ﬂKO6V|aH)
Ox;
Rmxn R RmXn af
Oz,

— min
‘f o Matp

TOpHOE

ne
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Annpokcumauusa Teinopa nepsoro nopsigka

npubankeHne, cTponTcs BOAU3N HekOTOPOii TouKfl xy.JEcam f: R™ — R -
andbdepeHunpyemas yHKLUS, TO ee annpoKcMma
cnepytowmm obpasom:

AI'II'IpOKCVIMaLJ,I/IH Teﬁnopa nepeoro nopsapgka, TaK)}@eCTHaﬂ KaK JInHeliHoe

nepBOro nopsigka 3afaeTcs

zIO (z) = f(xo) + Vf(20)" (2 — 20)
rae:
® f(x,) - 3Ha4eHne DYHKLMN B TOUKE L.

— min
‘f o Matp TOpHOE
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Annpokcumauusa Teinopa nepsoro nopsigka

Annpokcumauus Telinopa nepBoro Nopsiika, TakxKe U3BECTHAs KaK JIMHeHoe
npubankeHne, cTponTcs BOAM3N HEKOTOPOIA ToukM xy. Ecim f: R™ — R -

andcbepeHumpyemas yHKLMA, TO ee annpoKCUMaLIMs NepBoro Nopsiika 3aaeTcs
cnepytowmm obpasom:

zIO (z) = f(xo) + Vf(20)" (2 — 20)
rae:
® f(x,) - 3Ha4eHne DYHKLMN B TOUKE L.
® Vf(zy) - rpagneHT yHKLUM B TOUKE T(.

— min
‘f o Matp TOpHOE
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Annpokcumauusa Teinopa nepsoro nopsigka

Annpokcumauus Telinopa nepBoro Nopsiika, TakxKe U3BECTHAs KaK JIMHeHoe
npubankeHne, cTponTcs BOAM3N HEKOTOPOIA ToukM xy. Ecim f: R™ — R -

andcbepeHumpyemas yHKLMA, TO ee annpoKCUMaLIMs NepBoro Nopsiika 3aaeTcs
cnepytowmm obpasom:

zIO (z) = f(xo) + Vf(20)" (2 — 20)
rae:
® f(x,) - 3Ha4eHne DYHKLMN B TOUKE L.
® Vf(zy) - rpagneHT yHKLUM B TOUKE T(.

— min
‘f o Matp TOpHOE
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Annpokcumauusa Teinopa nepsoro nopsigka

Annpokcumauus Telinopa nepBoro Nopsiika, TakxKe U3BECTHAs KaK JIMHeHoe
npubankeHne, cTponTcs BOAM3N HEKOTOPOIA ToukM xy. Ecim f: R™ — R -
andbdepeHumpyemasi yHKLNS, TO ee annpoKCMMaums NepBOro nopsifika 3afaercst
cnepytowmm obpasom:

io(x) = f(x9) + Vf(x)" (x — ) N
roe: Zo I z

N fr ()

® f(x,) - 3Ha4eHne DYHKLMN B TOUKE L.
® Vf(zy) - rpagneHT yHKLUM B TOUKE T(.
YacTo 4151 yNpoLLEHNs TEOPETIHECKOTO aHaIu3a B HEKOTOPbIX METOAAaX 3aMeHSHOT Puc. 1: Annpokcumauns Teiinopa

hyHKUNIO BOAN3U HEKOTOPOU TOYKM Ha €€ annpoKCUMaLuto NepBOro nopsifika B OKPECTHOCTU TOHKM
Lo

‘f% 5‘5}‘3 Matp TopHoe andd: 0 O
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Annpokcumauyus Teiiniopa BTOporo nopsigka

Annpokcumauusi Telinopa BTOPOro nNopsifka, TakKe W3BECTHAsi Kak KBagpaTuyiHoe
npubamxeHue, ncnonbsyeT UHdopmaumnio o kpuensHe dyHkuun. [ns asaxas
anddeperumnpyemoii dyHkummn f : R™ — R, ee annpokcuMauus BTOpOro nopsifka,
cTposiwasicst BbAM3n HEKOTOPOIi TOUKN (), 33[43ETCs CNeAyoWwmM obpasom:

ié(m) = f(zo) + vf(%)T(l’ — ) + %(w - zo)Tv2f(170>(I — )

Fne V2 f(x,) - reccuan dyrkuum f B Touke ;.

— min
‘f o Matp TOpHOE



https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

Annpokcumauyus Teiiniopa BTOporo nopsigka

Annpokcumauusi Telinopa BTOPOro nNopsifka, TakKe W3BECTHAsi Kak KBagpaTuyiHoe
npubamxeHue, ncnonbsyeT UHdopmaumnio o kpuensHe dyHkuun. [ns asaxas
anddeperumnpyemoii dyHkummn f : R™ — R, ee annpokcuMauus BTOpOro nopsifka,
cTposiwasicst BbAM3n HEKOTOPOIi TOUKN (), 33[43ETCs CNeAyoWwmM obpasom:

ié(m) = f(xo) + Vf(0)" (x — mp) + %(x —20) "V f(zo)(x — 20)

Fne V2 f(x,) - reccuan dyrkuum f B Touke ;.

Korga nuHeiiHoro npubnuxxexnsi cyHKLMN HE JOCTATOYHO, MOXKHO PacCMOTPETb
3ameny f(z) Ha féé(f) B OKPECTHOCTM TouKM Z. B obuiem, npubnmxerns
Teiinopa JatoT HaM Cnocob NOKaNbHO anMpPOKCUMUPOBATL PYHKLNM.
AnnpokcMMauus Nepeoro NOpsiAKa ONpPefensieTcs rpafueHToM PyHKUNN B TOUKe,
T.€. HOPMaJIblO K KacaTesIbHONM runepniockocTn. A annpokcumaumusi BTOporo
nopsiika npeacrasnsieT u3 cebs napabony. ITu npubavxeHuss 0cObeHHO Mone3Hbl
B ONTUMM3ALMNA U YNCNEHHBIX METOAAX, MOTOMY YTO OHUM NPefOCTaBASIOT NPOCTO
cnocob paboTbl CO CNOKHBLIMU DYHKLNSIMUA.

Io xr

Puc. 2: Annpokcumauns Teiinopa
BTOPOrO MOPsiika B OKPECTHOCTY TOYKM
Lo

‘f% 5‘5}‘3 Matp TopHoe andd: 0 O
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OuddepeHymnans

i Theorem

Mycte © € S - BHYyTpeHHsAs Touka MHoxecTBa S, n nycts D : U — V - nuHeiiHbiii onepatop. Mebl rosopum,

==
uTo dbyHkums f anddepeHunpyema B Touke x ¢ npoussogHoli D, ecnu ans Bcex goctatodHo maneix h € U
BbINOJIHAETCS CefyloLLee pasioXeHue:

f(x+h) = f(z) + D[h] + o(|[A])

Ecan pgns noboro nuneiinoro onepatopa D : 25 — V dyHkuna f He anddbepeHumpyema B Touke T C
nponssogHoii D, To Mbl roopum, 4To f He anddepeHunpyema B TOUKE .

— min
‘f o Matp TOpHOE
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OuddepeHymnans

Mocne nonyueruns audpdeperunansHoll 3anncy df Mbl MOXeEM MONYHUTL FPASUEHT, UCMObL3YS CAeAYHOLLY0 hopmysy:

df(z) = (Vf(2),dx)

‘ f — min
2,9,z Matp TOpHOE
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OuddepeHymnans

Mocne nonyueruns audpdeperunansHoll 3anncy df Mbl MOXeEM MONYHUTL FPASUEHT, UCMObL3YS CAeAYHOLLY0 hopmysy:

df(z) = (V[(z),dx)

Hanee, ecnn y Hac ecTb gudpdpepeHnan B Takoii hopMe N Mbl XOTUM BbIYUCAUTL BTOPYIO MPOU3BOAHYIO
MaTpU4HOIli / BEKTOPHOI byHKLMN, Mbl paccMaTpuBaem “cTapblii’ dZ Kak KOHCTaHTy dx;, 3aTeM BblYUCNSiEM

d(df) = d*f(z)

d?f(x) = (V2 f(z)dz,,dz) = (H(w)dw,,dx)

S o .Om)ow

— min
‘f Tz Matp TOpHOE
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble MaTpuupl, a X n Y - nepementble (Uan MaTpuyHble hyHKLMUK).

®* dA=0

— min
‘f 2,9,z Matp TOpHOE

12


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble MaTpuupl, a X n Y - nepementble (Uan MaTpuyHble hyHKLMUK).
e dA=0
® d(aX) = a(dX)

— min
‘f 2,9,z Matp TOpHOE

12
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble MaTpuupl, a X n Y - nepementble (Uan MaTpuyHble hyHKLMUK).
e dA=0
® d(aX) = a(dX)
® d(AXB)=A(dX)B

— min
‘f 2,9,z Matp TOpHOE
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CeoiicTtBa audceperumanos

Mycte A n B - noctosiHHble MaTpuupl, a X n Y - nepementble (Uan MaTpuyHble hyHKLMUK).
e dA=0

d(aX) = a(dX)

d(AXB) = A(dX)B

dX+Y)=dX+dY

— min
‘f 2,9,z Matp TOpHOE

12
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CeoiicTtBa audceperumanos
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Marpuyutoe gudceperymnposarue. MNMpumep 2

i Example
Havitu df,Vf(z), ecnn f(x) = In(z, Ax).

1. 3ametum, 4to A foMKHa BbITb NONOKUTENBHO ONpeseneHHoli, notomy 4to (x, Az) aprymeHt norapudma n ans
noboro = popmyna gonxHa ObITe nonoxuTenbHol. Takum obpasom, A € S, [lagaiite cHauana Haligem

andbdepeHuman:

df = d (In{z, Az)) = difﬁg» _ <dI’AI<>m+éi;d(AI)> _

(Az,dz) + (x, Adz)  (Az,dz) + (ATz, dzx) _ (A+ ATz, dx)

(x, Ax) (x, Az) (x, Az)
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Marpuyutoe gudceperymnposarue. MNMpumep 2

i Example
Havitu df,Vf(z), ecnn f(x) = In(z, Ax).

1. 3ametum, 4to A pomkHa BbiTb NONOXKUTENLHO ONPeAeNeHHON, NoToMy 4To (x, Ax) aprymeHT norapudma u Ans
noboro x dopmyna fosxHa bbiTh nonoxuTensHol. Takum obpasom, A € S, [lasaiite cHauana Haliaem
andbdepeHuman:

d((z,Az))  (dz,Az) + (z,d(Ax))
df =d(In(z, Az)) = = =
(Az,dz) + (v, Adz)  (Az,dz)+ (ATz,dz)  ((A+ AT)z,dx)

(x, Ax) (x, Az) (x, Az)

2. Hawa ocHosHas uenb - nonyuuts popmy df = (-, dx)
2Ax
df = (=22 g
1= (i)

Takum obpasom, rpaguenT paseH V f(x) = (2, Az)
x, Ax

B/ omin ropoe andsd 900
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MartpuuHoe auccdeperumposatune. Mpumep 3

Example n¥xN

Haiitn df,Vf(X), ecnn f(X) = (S, X) — log det X. S— M — Q

PCopunuue ; _
D d% =d(45X> - b\‘;"i?: vr=S5-X
_ _ dldeX) _
o <%)G\X> dek X i O\X>
_ e U RO (SN
FERS e <
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@dpiponi@mathstodon.xyz
@sigfpe

| think the first 40 years or so of automatic differentiation was largely

people not using it because they didn't believe such an algorithm could
possibly exist.

11:36 PM - Sep 17, 2019

@X 1 26 Q 159 [ 13
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I'Ipep,nono»(mm, HYTO Mbl XOTUM pPELNTb CNeAYyOLWYO 3a4a4y:

L(w) — min
weR?

— min
‘f 2,9,z AsTtomaTuyeckoe anddeperumnposarmne
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3apaua

l‘lpep,nonommm, HYTO Mbl XOTUM pPELNTb CNeAYyOLWYO 3a4a4y:

L(w) — min
weR?

® Takue 3afa4n OBbIYHO BO3HUKAIOT B MALUNHHOM OBy4YeHMM, KOTA HAM HYXKHO HaliTW NOAXoAsLiMe napaMeTpsl w
mogenn (Hanpumep, oby4unTb HEPOHHYIO CETb).

AsTtomaTuyeckoe anddeperumnposarmne P00 O
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3apaua

l‘lpep,nonommm, HYTO Mbl XOTUM pPELNTb CNeAYyOLWYO 3a4a4y:

L(w) — min
weR?

® Takue 3afa4n OBbIYHO BO3HUKAIOT B MALUNHHOM OBy4YeHMM, KOTA HAM HYXKHO HaliTW NOAXoAsLiMe napaMeTpsl w
mogenn (Hanpumep, oby4unTb HEPOHHYIO CETb).

® CywecTBYIOT pasHble METOAbI pelleHns 3Toii 3agaqn. OfHaKo, pa3MepHOCTb 3afay CErofHs MOXET AOCTUraTb
COTEH MUIANAPAOB AN A2XKE TPULINOHOB NEPEMEHHbIX. Takue 3aaum OYeHb TSKENo pelwaTs be3 3HaHus
rPajneHToB, TO eCTb METOLAMU HYJEBOro MOpPSAKA.

AsToMmaTnueckoe anddepeHLMpoBaHe P00 O 19
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3apaua

l‘lpep,nonommm, HYTO Mbl XOTUM pPELNTb CNeAYyOLWYO 3a4a4y:

L(w) — min
weR?

® Takue 3afa4n OBbIYHO BO3HUKAIOT B MALUNHHOM OBy4YeHMM, KOTA HAM HYXKHO HaliTW NOAXoAsLiMe napaMeTpsl w
mogenn (Hanpumep, oby4unTb HEPOHHYIO CETb).

® CywecTBYIOT pasHble METOAbI pelleHns 3Toii 3agaqn. OfHaKo, pa3MepHOCTb 3afay CErofHs MOXET AOCTUraTb
COTEH MUIANAPAOB AN A2XKE TPULINOHOB NEPEMEHHbIX. Takue 3aaum OYeHb TSKENo pelwaTs be3 3HaHus
rPajneHToB, TO eCTb METOLAMU HYJEBOro MOpPSAKA.

T
® [losTomy 6b1710 Bbl NONE3HO YMETH BbINUCASATL BeKTOp rpaguerta V, L = (gf s ey %) .
1 d
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3apaua

ﬂpep,nonommm, HYTO Mbl XOTUM pPELNTb CNeAYyOLWYO 3a4a4y:

L(w) — min
weR?

® Takue 3afa4n OBbIYHO BO3HUKAIOT B MALUNHHOM OBy4YeHMM, KOTA HAM HYXKHO HaliTW NOAXoAsLiMe napaMeTpsl w
mogenn (Hanpumep, oby4unTb HEPOHHYIO CETb).

® CywecTBYIOT pasHble METOAbI pelleHns 3Toii 3agaqn. OfHaKo, pa3MepHOCTb 3afay CErofHs MOXET AOCTUraTb
COTEH MUIANAPAOB AN A2XKE TPULINOHOB NEPEMEHHbIX. Takue 3aaum OYeHb TSKENo pelwaTs be3 3HaHus
rPajneHToB, TO eCTb METOLAMU HYJEBOro MOpPSAKA.

oL 87L>T

OQw, " dwy :

® O6bI4HO MeToAbl NepBoro nopsgka paboTaloT ydlle B 6ONbLWMX 33/a4ax, B TO BPEMsl Kak MeToAbl BTOPOro
nopsfika TpebytoT CANLWKOM MHOFO NamsATHu.

® [losTomy 6b1710 Bbl NONE3HO YMETH BbINUCASATL BeKTOp rpaguerta V, L = (

AsToMmaTnueckoe anddepeHLMpoBaHe P00 O 19
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Mpumep: 3apaya MHOromMepHOro WKaaMpoBaHUA

Mpeanonoxum, 4To y HaC ecTb MaTpuua paccTosiuii gnst N d-mepHbix obwbektor D € RV*N . Ncnonssys sty
MaTpuLy, Mbl XOTIM BOCCTaHOBUTbL UCXOAHble koopguHaTel W, € R i=1,..,N.

‘f - m}‘: AsTtomaTuyeckoe anddeperumnposarmne DO

20
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Mpumep: 3apaya MHOromMepHOro WKaaMpoBaHUA

Mpeanonoxum, 4To y HaC ecTb MaTpuua paccTosiuii gnst N d-mepHbix obwbektor D € RV*N . Ncnonssys sty
MaTpuLy, Mbl XOTIM BOCCTaHOBUTbL UCXOAHble koopguHaTel W, € R i=1,..,N.

WeRNx*d

N
2 .
L(W) = Z (Iw; - w3 _Di,j) — _min
=1

‘f - m}‘: AsTtomaTuyeckoe anddeperumnposarmne DO
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Mpumep: 3apaya MHOromMepHOro WKaaMpoBaHUA

Mpeanonoxum, 4To y HAC eCTb MaTpuua pacctosiiunii anst N d-mephbix obbektos D € RV*N | Wcnonwsys sty
MaTpuLy, Mbl XOTIM BOCCTaHOBUTbL UCXOAHble koopguHaTel W, € R i=1,..,N.

2 .
) —  min
J WeRN=d

N
Lw) =Y (Iw;, — W3 - D;
ig=1

Ccbinika Ha Bu3yanusaunio &, rae MOXHO YBUAETb, YTO Be3rpagneHTHble METOAbl ONTUMU3aLMN PELIAtoT 3Ty 3ajady
HaMHOro MegJieHHee, OCODEHHO B MPOCTPAHCTBax bOMbLIOK pa3mepHOCTY.

i Question

CssaszaHo nu 310 ¢ PCA?

‘f% N AgromaTtdeckoe anddbepeHLnpoBaHne P00 O 20
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Mpumep: mHoromepHoe macwtabnpoBaHue
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10?
— Gradient Descent
~— Nelder-Mead
L, 100
ki
1077
1 2 4 5 6
FLOPs. le6

Puc. 5: Ccbinka Ha aHuMaumio

— min
‘f Tz AsTomaTuyeckoe anddepeHUnpoBaHne
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Mpumep: rpagueHTHbIN cnyck 6e3 rpagueHTa

MpefnonoXxum, 4TO Mbl XOTUM PELLUTL CAEAYHOLLYIO
3ajauy:

L(w) — min
weR?

— min
‘f 2,9,z AsTtomaTuyeckoe anddeperumnposarmne
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Mpumep: rpagueHTHbIN cnyck 6e3 rpagueHTa

MpefnonoXxum, 4TO Mbl XOTUM PELLUTL CAEAYHOLLYIO
3ajauy:

L(w) — min
weR?

C MOMOLLBIO aNropnuTMa rpagnenTHoro cnycka (GD):

Wiy = wy, — @V, L(wy,)

— min
‘f 2,9,z AsTtomaTuyeckoe anddeperumnposarmne
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Mpumep: rpagueHTHbIN cnyck 6e3 rpagueHTa

MpefnonoXxum, 4TO Mbl XOTUM PELLUTL CAEAYHOLLYIO
3ajauy:

L(w) — min
weR?

C MOMOLLBIO aNropnuTMa rpagnenTHoro cnycka (GD):
Wiy = wy, — @V, L(wy,)

MoxHo an 3amenuts V,, L(w;,) ncnonbsys Tonbko
MHPOPMaLMIO HYNIEBOrO Nopsigka?

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpumep: rpagueHTHbIN cnyck 6e3 rpagueHTa

MpeanonoXmum, 4To Mbl XOTUM PELLNTL CReayoLyto
3agauy:
L(w) — min
weR?

C MOMOLLBIO aNropnuTMa rpagnenTHoro cnycka (GD):
Wiy = wy, — @V, L(wy,)

MoxHo an 3amenuts V,, L(w;,) ncnonbsys Tonbko
MHPOPMaLMIO HYNIEBOrO Nopsigka?
[Ja, Ho 3a onpeaeneHHytO LieHy.

! pekoMeHyeTCs XopoLuas npeseHTauns o 6esrpagneHTHbIX MeToaax

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpumep: rpagueHTHbIN cnyck 6e3 rpagueHTa

MpeanonoXmum, 4To Mbl XOTUM PELLNTL CReayoLyto
3agauy:
L(w) — min
weR?

C MOMOLLBIO aNropnuTMa rpagnenTHoro cnycka (GD):
Wiy = wy, — @V, L(wy,)

MoxHo an 3amenuts V,, L(w;,) ncnonbsys Tonbko
MHPOPMaLMIO HYNIEBOrO Nopsigka?

[Ja, Ho 3a onpeaeneHHytO LieHy.

PaccMoTpuM AByXTOUEUHYIO OLeHKy rpaamnenTal G

L(w + ev) — L(w — ev) ;

G=d 9% ,

rae v cchepuHeckn CUMMETPUYEH.

! pekoMeHyeTCs XopoLuas npeseHTauns o 6esrpagneHTHbIX MeToaax

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpumep: rpagueHTHbIN cnyck 6e3 rpagueHTa

MpeanonoXmum, 4To Mbl XOTUM PELLNTL CReayoLyto
3agauy:
L(w) — min
weR?

C MOMOLLBIO aNropuTMa rpagnenTHoro cnycka (GD):
Wiy = wy, — @V, L(wy,)

MoxHo an 3amenuts V,, L(w;,) ncnonbsys Tonbko
MHPOPMaLMIO HYNIEBOrO Nopsigka?

[Ja, Ho 3a onpeaeneHHytO LieHy.

PaccMoTpuM AByXTOUEUHYIO OLeHKy rpaamnenTal G

L(w + ev) — L(w — ev) ;

G=d 9% ,

rae v cchepuHeckn CUMMETPUYEH.

! pekoMeHyeTCs XopoLuas npeseHTauns o 6esrpagneHTHbIX MeToaax

‘f — min
Tz

AsTtomaTuyeckoe anddeperumnposarmne

Trajectories with Contour Plot

—e— GD
2-P Estimator GD

Start Point
Optimal Point

Puc. 6: “VinntocTpauns asyxTo4euHOl OLEHKU FPagueHTHOro
cnycka”
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Mpumep: kKoHe4Hble pa3HOCTU

Wypy = wy — .G

— min
‘f 2,9,z AsTomaTuyeckoe anddepeHUnpoBaHne
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Mpumep: KoHe4Hble pa3HOCTU

Wypy = wy — .G

Trajectories with Contour Plot

Tak>ke pacCMOTPUM UAEI0 KOHEYHbIX PAa3HOCTEIA: o= Gradient Descent
| =< Finite Differences Gradient Descent
u :’ Start Point
Optimal Point
G = Z L(UJ + Eei) — L(’LU — EEi) e
° 2e v 2]
i=1

OT1kpbiTe B Colab &

Puc. 7: “"Nnnioctpauus paboTbl MeToAa OUEHKM rpagueHTa ¢
NOMOLLLIO METOA KOHEYHbIX pasHocTeld”

‘fﬁfny": AsTtomaTuyeckoe anddeperumnposarmne P00 O
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HPOKJ'IRTI/IE pa3MepHOCTU Onsa MeToaoB HyNeBoro nopsigka 2

min f(z)

/ Rk S
Soqa1a \\/ ‘ g@ O nop¥gka
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MpoknsTue pasmepHOCTU A1S METO0B HYNEBOro Nopsifka 2

min f(z)

GD: zy,, =z, — a,V f(x},) Zero order GD: x| =z, — oG,

rge G- OUEHKa rpagneHTa 2-ToYeYHast AN MHOFOTOYeYHas .

20nTuManbHble CKOPOCTU A5 HYNEBOro NOPA/AKa BbINYK/IOA ONTUMU3ALUMN: CUAA ABYX OLEHOK DyHKLMIA

— min
‘f 2,9,z AsTtomaTuyeckoe anddeperumnposarmne
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MpoknsTue pasmepHOCTU A1S METO0B HYNEBOro Nopsifka 2

_——————
min f(z)
GD: z) =z, — o,V f(xy) Zero order GD: z;, =}, — 0y,G, L -
rae G - oueHka rpagneHTa 2-TOYEHHAs! WM MHOTOTOYEYHaS. O 9<
|
f(z) - rnagkas f(z) - rnagkas u Bbinyknas f(z) - rnagkas n CMQLHO BbINyKNast
. 2 1 g % 1 *|2 K ¥
GD IV /@2~ 0 (1 fa) = ~0(; o~ a2~ 0 (1-2)
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GD nynesoro ||V f(zy)] m0(7> flapy)— f m0(7> |z, —a*|? ~ O (17—)
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KoHeuHble pa3HocTu L Qn —7 Q L(W>
Qe\

HauBHblii nogxog K nonyveHnto npubamnsnTenbHbIX 3HaYeHU FPAANEHTOB - 3TO MOAXOA KOHEYHbIX pasHocrtei. [lns
KaXkOol KOOPAMHATLI, MOXKHO BbIYUCANTL NPUBIMKEHHOE 3HAYEHME YaCTHON NPON3BOAHOIA:

L(w+ ee;,) — L(w)

2In Aguertnm
quk‘q Wy

3Linnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors. Master's
Thesis (in Finnish), Univ. Helsinki, 1970.
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KoHeuHble pa3HocTu

HauBHblii nogxog K nonyveHnto npubansnTenbHbIX 3HaYeHU FPAANEHTOB - 3TO MOAXOA KOHEYHbIX pasHocrtei. [lns
KaXkOoll KOOPAMHATLI, MOXKHO BbIYUCINTL NPUBINKEHHOE 3HAYEHME YaCTHON NPON3BOLHOIA:

oL L(w+ ee;,) — L(w)

T%(w) ~ c y €L = (0, ey %, ...70)

1 Question

Ecnu Bpemsi, Heobxogumoe ansi opHoro Bblumcnexus L(w) pasHo T', To kakoe Bpemsi HeobXxoaumo gsist
Bbluncnenust V,, L ¢ stum nogxogom?
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KoHeuHble pa3HocTu

HaunBHblii noaxos K nonyyeHnio npubananTenbHbIX 3Ha4eHNi FPaANEHTOB - 3TO MOAXOA KOHEUHbIX pasHocTed. [nis
KaXK[0li KOOPANHATbI, MOXKHO BbINCAUTL NPUBANKEHHOE 3HAYeHne HacTHON NPOU3BOAHOIN:
oL L(w+ ee;,) — L(w)

P ~ .= R P
au]k (w) c ’ € (07 7k7 70)

Question

Ecnu Bpemsi, Heobxogumoe ansi opHoro Bblumcnexus L(w) pasHo T', To kakoe Bpemsi HeobXxoaumo gsist
Bbluncnenust V,, L ¢ stum nogxogom?

OTtset 2dT’, 4To o4eHb Jonro ans Bonbwux 3agady. Kpome Toro, atoT metog HecTabuneH, 4To O3Ha4aeT, 4TO
HaM MPUAETCS BbIONPaTh MEXAY TOYHOCTBIO U CTabUIBHOCTbLIO.
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KoHeuHble pa3HocTu

HaunBHblii noaxos K nonyyeHnio npubananTenbHbIX 3Ha4eHNi FPaANEHTOB - 3TO MOAXOA KOHEUHbIX pasHocTed. [nis
KaXK[0li KOOPANHATbI, MOXKHO BbINCAUTL NPUBANKEHHOE 3HAYeHne HacTHON NPOU3BOAHOIN:
oL L(w+ ee;,) — L(w)

a—wk(w)z . , ek:((),,..7£,...70)

Question

Ecnu Bpemsi, Heobxogumoe ansi opHoro Bblumcnexus L(w) pasHo T', To kakoe Bpemsi HeobXxoaumo gsist
Bbluncnenust V,, L ¢ stum nogxogom?

OTtset 2dT’, 4To o4eHb Jonro ans Bonbwux 3agady. Kpome Toro, atoT metog HecTabuneH, 4To O3Ha4aeT, 4TO
HaM MPUAETCS BbIONPaTh MEXAY TOYHOCTBIO U CTabUIBHOCTbLIO.

Teopema

CywecTeyet anroputm ans seiuucneduns V,, L za O(T). 3

3Linnainmaa S. The representation of the cumulative rounding error of an algorithm as a Taylor expansion of the local rounding errors. Master's
Thesis (in Finnish), Univ. Helsinki, 1970.
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
Y106bI rnybxe NoHATb UAeto aBTOMaTNYecKoro AndepeHLNpoBaHms, PaCCMOTPUM NPOCTYHO (hyHKUNIO ANst

BblHNCNEHNA NPON3BOAHbIX!
L(wy, wy) = wylogwy + v/wy logwy

‘f - Pﬂlel AsTtomaTuyeckoe anddeperumnposarmne DO
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
Y706bI rnybxke NoHATb nAeto aBToMaTNYeckoro AndepeHLnpoBaHms, pacCMOTPUM NPOCTYHO (hyHKLUIO ANst

BblHNCNEHNA NPON3BOAHbIX!
L(wy, wy) = wylogwy + v/wy logwy

[agaiite HapucyeM BbIYUCAUTENbHBINA rpagh 3TOW PyHKLNAN:

L(wl, ’ll)2) = ws logw; + /w2 logw;
Puc. 8: Wnnoctpaums sbidmcantensHoro rpada ans dyrkumm L(wq, wy)

‘f - 5‘5}‘3 AsTtomaTuyeckoe anddeperumnposarmne DO
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
Y106bI rnybxe NoHATb UAeto aBTOMaTNYecKoro AndepeHLNpoBaHms, PaCCMOTPUM NPOCTYHO (OYHKLNIO ANst

BbIYUCNEHNA NPON3BOAHbIX:
L(wy,wy) = wy logw; + y/wy logw, aL 7

[agaliTe HapnucyeM BbIYUCAUTEbHBINA rpagh 3TOW PyHKUMN: @ .
|

L(wy,ws) = wylogw; 4 v/ w3 log w fa Z 7
= D D e o
Puc. 8: Wnnoctpaums sbidmcantensHoro rpada ans dyrkumm L(wq, wy)

[aBaiite noiigem oT Ha4Yana rpada K KOHLY W BbIYNCAUM MPOU3BOLHYHO EI
wy
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns

()
-G D~
o _
@wn@_’w
’ dw,

Puc. 9: NnantocTpauns npsiMoro pexkmma aBTOMaTU4ecKkoro auddepeHunposaHus

PyHKUMA

Wy = Wy, Wy = Wy

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
w Bwl
() — B
w 811)2
( :: ) > 2 awl

Puc. 9: NnantocTpauns npsiMoro pexkmma aBTOMaTU4ecKkoro auddepeHunposaHus

PyHKUMA [TponsBopHas
ow ow
Wy = Wy, Wy = Wy —Lt_1-2=9
ow, Ow,
‘f - 5‘5}‘3 AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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Puc. 10: NnntocTpaumsi npsiMoro pexkuMa aBTOMaTn4eckoro anddepeHLnpoBaHums

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns

Wi, 73— Vi, 3 —
’ Bwl ’ Bwl
Puc. 10: NnntocTpaumsi npsiMoro pexkuMa aBTOMaTn4eckoro anddepeHLnpoBaHums

PyHKUMA
v, = logw,

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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Puc. 10: NnntocTpaumsi npsiMoro pexkuMa aBTOMaTn4eckoro anddepeHLnpoBaHums

PyHKUMA

[MponsBopHas
v, = logw; Ovy _ Ovy dwy 1

dw; — Ow; dw; T w,

‘f — min
Tz

AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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1

Puc. 11: NnntocTpauus npsiMoro peXkxmma aBToMaTuM4eckoro agnddepeHumnposaHns

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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1

Puc. 11: NnntocTpauus npsiMoro peXkxmma aBToMaTuM4eckoro agnddepeHumnposaHns

PyHKUMA

Vg = WaUy

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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Puc. 11: NnntocTpauus npsiMoro peXkxmma aBToMaTuM4eckoro agnddepeHumnposaHns

PyHKUMA

[Mponseopyag
_ dvy, _ Ov vy, P o v, dwy
Vg = WaUy ow, 61;1 + Owy _ Wa Ow, +u ow,
B /— min

AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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Puc. 12: Wnntoctpaums npsiMoro pexkuma aBTomMaTnyeckoro aunddepeHLpoBanus

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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Puc. 12: Wnntoctpaums npsiMoro pexkuma aBTomMaTnyeckoro aunddepeHLpoBanus

PyHKumA
Uz = /U2

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns

i CRIC g
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Puc. 12: Wnntoctpaums npsiMoro pexkuma aBTomMaTnyeckoro aunddepeHLpoBanus

PyHKumA MponseogHas
_ vy _ Ouvg Ovy _ 1 Ovy
Us = /U2 Ow, ~ Ovy Owy, — 2,/v; Ow,

— min
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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Puc. 13: NnntocTpaums npsiMoro pexkuMa aBTOMaTn4eckoro anddepeHLnpoBaHuns

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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Puc. 13: NnntocTpaums npsiMoro pexkuMa aBTOMaTn4eckoro anddepeHLnpoBaHuns

PyHKUMSA
L=uv,+wy

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Mpamoin pexnm asTomatunyeckoro anddepeHumnpoBaHns
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Puc. 13: NnntocTpaums npsiMoro pexkuMa aBTOMaTn4eckoro anddepeHLnpoBaHuns
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Anropntm npsiMoro pexuma asromatunyeckoro aunddepeHumpoBaHus
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Puc. 22: UnntocTpauus obpaTHOro pexxnma aBTomMaTnyeckoro anddepeHymposanus
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Mpumep obpatHOro pexnma asTomarnyeckoro andcepeHumposaHus

oL
ow 1

< < e oL
81)1
oL ( > 0L

011)2 8_1)2

Puc. 25: NnntocTpauus obpaTHOro pexxmma aBTomMaTnyeckoro anddepeHymposanus

MpownseoaHble

oL 9L ov, L 1 OL _ 0L dv, _ OL
Y Y W

dw, Ov, dw, Ov, w, dw,  Ovy Ow,  Ov,

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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OG6paTtHbIi pexxum aBTomaTudeckoro audcgeperumpoBarns

i Question

ObpaTtute BHMMaHME, YTO AJIst TOFO XKE KOJNMYECTBA BLIYWCIEHWIA, Y4TO 1 B MPSMOM PeXUME, Mbl MOJNy4aem
nonublii BekTop rpagmenta V,, L. KakoBa cTonmocTb yckopeHus?
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OG6paTtHbIi pexxum aBTomaTudeckoro audcgeperumpoBarns

i Question

06paT|/|Te BHUMaHWNE, 4YTO AO21A4 TOro >Xe& KOJIN4YeCTBa Bbl‘-II/ICJ'IeHI/IVI, H4TO U B NMPAMOM peXume, Mbl nony4Haem
nonHslii Bektop rpaguenta V, L. KakoBa ctonmocTs yckopenusi?

Orser ObGpaTute BHUMaHWe, 4TO A/ WCNOMb30BaHUs obpaTHoro pexuma AD Bam HyXHO XpaHuUTbL BCe
MPOMEXYTOYHbIE BbIYUCIEHUS U3 MPSAMOro npoxoja. JTa npobnemMa MOXeT ObiTb YaCTUYHO peLueHa C
MOMOLLbIO YEKMONHTUHIA, NPU KOTOPOM Mbl COXPaHSIEM TOJIbKO YacTb MPOMEXYTOYHbIX 3HaYeHUl, a OCTasbHble
MepecyYNTLIBAaEM 3aHOBO MO Mepe HEOBXOANMOCTN. DTO MO3BOJSIET 3HAYMTENLHO YMEHbLWNTL 06bEM Tpebyemoii
namsiTu npu obydeHun 6onblnMx Moaeneli MaWMHHOrO obydeHns.

AsTtomaTuyeckoe anddeperumnposarmne P00 O
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Anroputm obpatHoro pexxuma asTtomatuyeckoro andcgepeHymposaHus

Mpeanonoxunm, 4TO y HaC eCTb BbIYNCAUTENbHBIA rpad ° MPSAMON MPOXOA,
v;,1 € [1;N]. Hawa uenb - BbIMMCANTL NPOU3BOLHYIO Onai=1,..,N:
BbIXOZA 3TOro rpada no BCEM BXOAHLIM MepeMeHHbIM W,
T
_ (Ovy B’UN)
Te. V,un = (a—wl,..., auy ) - OTa ngesi npegnonaraert

pacnpocTpaHeHue rpagueHTa yHKUNmM no
NMPOMEXYTOYHbIM NEPEMEHHBIM OT KOHL,A K Ha4any,
NO3TOMY Mbl MOXEM BBECTU 0DO3HaueHue:

L OL 0wy
I 1

Memory: vy oL

Bzy
oL
0L . oL Oz By

oL
Oxy;

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Anroputm obpatHoro pexxuma asTtomatuyeckoro andcgepeHymposaHus

Mpeanonoxunm, 4TO y HaC eCTb BbIYNCAUTENbHBIA rpad ° MPSAMON MPOXOA,
v;,% € [1; N]. Hawa uenb - BbINNCAUTE NPON3BOAHYIO Onai=1,..,N:
BbIXOZA 3TOro rpada no BCEM BXOAHLIM MepeMeHHbIM W, ® BbIYMCANTL 1 COXPaHUTL 3HaYeHUst U; Kak dyHKLuIO
T
_ (Ovy duy €ro npeakos
Te. V,un = (a—wl,..., auy ) - OTa ngesi npegnonaraert

pacnpocTpaHeHue rpagueHTa yHKUNmM no
NMPOMEXYTOYHbIM NEPEMEHHBIM OT KOHL,A K Ha4any,
NO3TOMY Mbl MOXEM BBECTU 0DO3HaueHue:

L OL 0wy
I 1

Memory: vy oL

Bzy
oL
0L . oL Oz By

oL
Oxy;

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Anroputm obpatHoro pexxuma asTtomatuyeckoro andcgepeHymposaHus

Mpeanonoxunm, 4TO y HaC eCTb BbIYNCAUTENbHBIA rpad ° MPAMON nPOX04
v;,% € [1; N]. Hawa uenb - BbINNCAUTE NPON3BOAHYIO Onai=1,..,N:

BbIXOZA 3TOro rpada no BCEM BXOAHLIM MepeMeHHbIM W, ® BbluncanTb 1 COXpaHNTbL 3HaYeHUs V; Kak yHKLNIO
€ro npegKos

T
ov Ov
T.€. Uy = (—N N) . JTa naes npeanonaraer -
VU = (G, Gw, ) - T2 uRes npep * OBPATHbIN NPOX0OA,

pacnpocTpaHeHue rpagueHTa yHKUNmM no Onsi=N 1:
=N,..,1

I'IpOMe)KyTO‘-iHbIM nepemeHHuM OT KOHUa K Haqany,

NO3TOMY Mbl MOXXEM BBECTU O603Ha‘-IeHI/I€Z

L OL 0wy
I 1

Memory: vy oL

Bz;
oL
L 9L Oz; Oz

oL
Oxy;

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Anroputm obpatHoro pexxuma asTtomatuyeckoro andcgepeHymposaHus

Mpeanonoxunm, 4TO y HaC eCTb BbIYNCAUTENbHBIA rpad ° MPAMON nPOX04
v;,% € [1; N]. Hawa uenb - BbINNCAUTE NPON3BOAHYIO Onai=1,..,N:

BbIXOZA 3TOro rpada no BCEM BXOAHLIM MepeMeHHbIM W, ® BbluncanTb 1 COXpaHNTbL 3HaYeHUs V; Kak yHKLNIO
€ro npegKos

T
ov v
T.e. Uy = (—N N) . JTa upes npeanonaraer -
VuOn = (Guy o gu, ) - T3 naea npea * OBPATHbI NPOXOA,

acnpocTpaHeHne rpagueHTa byHKLUN No . .

pacnpocTp pag cbyHky Onsii=N,..,1:

NMPOMEXYTOHHbBIM NEPEMEHHBIM OT KOHLLA K Havany, ® BbluncanTs NponsBogHyto U; MCnonb3ys popmysy
NPON3BOAHON CNOXHOI hyHKLMN 1 MHpOpMaLmIO OT
BCEX NMOTOMKOB (BbIXOAOB):

NO3TOMY Mbl MOXXEM BBECTU obo3HaveHue:

_ 0L  Ovy

v, = — = ty .
Yo Qv Oy 9L <~ 9L Ox;

T = = il
v, = Oz Ov;

Memory: vy oL

Oz

oL

0L . oL Oz By

oL
Oxy;

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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Choose your fighter

g
S
OO OO O

Puc. 26: Kakoii pexxum Bbl Obl Bbibpanu ansi
BbIYNCNEHUS TPagNeHTOB?

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne

i Question

Kakoii n3 pexumos AD Bbl bbl Bbibpanu (npsimoii/obpaTHbiii)
NS CNAeAYIOWEro BblYMCIMTENbHOMO rpada apudMeTnHecknx
onepauunii? Mpegnonoxmum, 4To BaM HYXKHO BblYUCINTL siKOBMaH
g { 0L, }
Ow; »

¥
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Choose your fighter

Question

Kakoii n3 pexumos AD Bbl bbl Bbibpanu (npsimoii/obpaTHbiii)
NS CNAeAYIOWEro BblYMCIMTENbHOMO rpada apudMeTnHecknx
onepauunii? Mpegnonoxmum, 4To BaM HYXKHO BblYUCINTL siKOBMaH
g { 0L, }
Ow; »

¥

Otser ObpaTnTe BHUMaHMWE, HTO BPEMS BbIYUCEHN B 0DpaTHOM
peXXurMe MPOMOPLNOHANLHO KONMHECTBY BbIXOAOB, TOrAA KaK BPeMst
paboTbl NPAMOro peXxumMa NPONOPLNOHANLHO KOMHECTBY BXOLOB.
MosTomy Obino 66l xopoLuein ngeeli paccMoTpeTs npsimoii pexkum AD.

g
S
H OO OO

Puc. 26: Kakoii pexxum Bbl Obl Bbibpanu ansi
BbIYNCNEHUS TPagNeHTOB?

B/~ i

AsTtomaTuyeckoe anddeperumnposarmne P00 O
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Choose your fighter f QY‘ = QW)

/_cm“ Forward Mode and Reverse Mode AD/ f(x) = Ax ’F__ A%

10° 5 Forward Mode AD
Reverse Mode AD

Time for V,f calculation, (seconds)

S Honch

m 4 N\ atio m/n o > Y)lbz
e e ST

Puc. 27: & pacbuk unntoctpupyer ngeto soibopa Mexay pexxumamu aBTomaqueCKoro nunddepeHLnpoBaHn
n = 100 cukcnpoBaHa, 3MepeHo BpeMsi BbIHUCIEHUS AKObWaHa B 3aBUCMMOCTI OT COOTHOLLUEHUSI Pa3MepHOCTEl BbIXO4a 1 BX04a
LJ151 Pa3HbIX Pa3MepHOCTell BbIXoga M.

‘f‘}ﬂ,‘; AsToMmaTnueckoe anddepeHLMpoBaHe P00 O 34
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Daniil Merkulov
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Choose your fighter

Puc. 28: Kakoii pexxum Bbl Obl Bbibpanu ansi
BbIYNCNEHUS TPagNeHTOB?

B/~ i

AsTtomaTuyeckoe anddeperumnposarmne

1 Question

Kakoii u3 pexumos AD Bbl bbl Bbibpanu (npsimoii/obpaTHbiii)
IS Cnefylollero BblYMCAUTeNbHOro rpaca apudmMeTnHeckmx
onepauunii? Mpegnonoxmum, 4To BaM HYXKHO BblYUCINTL siKOBMaH

L.
J = {8 Z} . Obpatute BHumaHue, 4yto G - 2370
dw;

i.j
MPOU3BOJIbHBIA BbIMUCAUTENbHBIV Tpad

35
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Choose your fighter

Puc. 28: Kakoii pexxum Bbl Obl Bbibpanu ansi

Bbl4UCNEHNA FpaAI/IeHTOB?

B/~ i

AsTtomaTuyeckoe anddeperumnposarmne

Question

Kakoii u3 pexumos AD Bbl bbl Bbibpanu (npsimoii/obpaTHbiii)
IS Cnefylollero BblYMCAUTeNbHOro rpaca apudmMeTnHeckmx
onepauunii? Mpegnonoxmum, 4To BaM HYXKHO BblYUCINTL siKOBMaH

L.
J = {8 Z} . Obpatute BHumaHue, 4yto G - 2370
dw;

i.j
MPOU3BOJIbHBIA BbIMUCAUTENbHBIV Tpad

Otset B obLiem cnyvae HEBO3SMOXXHO OTBETUTL BE3 HEKOTOPOroO
3HAHUS O KOHKPeTHOM CTpykType rpacpa G. Cnepyet oTMeTUTb, 4TO
CYLLECTBYIOT MPOABUHYTbIE NOAXOAb!, CMELLNBAOLLNE NPSIMOI 1
obpaTHblii pexxum AD B 3aBNCUMOCTU OT KOHKPETHOI CTPYKTYpbl

rpacha G.
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ApxntekTypa npsiMoOro pacnpocTpaHeHus

NPSAMOI NPOXOA, Weidhts
® Yy = T Ha BX0j, 0bbI4HO NofaéTcs HaTy AaHHbLIX T ¢ ° e a

b X ny b X ng_y ng_1 X Ng

OBPATHbIV NPOX04
Punc. 29: ApxuTekTypa npsiMoro pacnpocTpaHeHusi HelipoHHOI
ceTn

‘f% N AgromaTtdeckoe anddbepeHLnpoBaHne P00 O 36
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ApxntekTypa npsiMoOro pacnpocTpaHeHus

NPSAMOI NPOXOA, Weidhts
® Yy = T Ha BX0j, 0bbI4HO NofaéTcs HaTy AaHHbLIX T ¢ ° e e

o Mnak=1,..t—11t xnput o Q @ 0 Q

b X ny b X ng_y ng_1 X Ng

OBPATHbIV NPOX04
Punc. 29: ApxuTekTypa npsiMoro pacnpocTpaHeHusi HelipoHHOI
ceTn

‘f% N AgromaTtdeckoe anddbepeHLnpoBaHne P00 O 36
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ApxntekTypa npsiMoOro pacnpocTpaHeHus

NPSAMOI NPOXOA, Weidhts
® Yy = T Ha BX0j, 0bbI4HO NofaéTcs HaTy AaHHbLIX T ¢ ° ° e

o Mnak=1,..t—11t Input o Q @ 0 Q

® v, = o(v,_wy,). OBbpatute BHUMaHME, 4TO Ha
NpaKThke, flaHHble UMeroT pasmeprocTs = € RP*Y, rae
b - pasmep batua (ans ogHoro obbekTa U3 BLIGOPKN
b =1). B 1o Bpemsi kak MaTpuua BecoB w, k cos Uk = Uk ' e
VMEET pasmep ny_q X My, T4 7y, - pasmep
BHYTPEHHErO NPeACTaBAEHNS [aHHbIX.

b X ny b X ng_y ng_1 X Ng
OBPATHbIV NPOX04

Punc. 29: ApxuTekTypa npsiMoro pacnpocTpaHeHusi HelipoHHOI
cetn

‘f% N AgromaTtdeckoe anddbepeHLnpoBaHne P00 O 36


https://fmin.xyz
https://cu25.fmin.xyz
https://github.com/MerkulovDaniil/cu25
https://t.me/fminxyz

ApxntekTypa npsiMoOro pacnpocTpaHeHus

NPSAMOI NPOXOA, Weidhts
® Yy = T Ha BX0j, 0bbI4HO NofaéTcs HaTy AaHHbLIX T ¢ ° e 0

o Mnak=1,..t—11t Input o Q @ 0 Q

® vy, = o(v_qwy). ObpaTuTe BHUMaHNME, 4TO Ha
NpakTuKe, faHHble UMetoT pasmepHocTs = € RP*Y, rae
b - pasmep batua (ans ogHoro obbekTa U3 BLIGOPKN
b =1). B 1o Bpemsi kak MaTpuua BecoB w, k cos Uk
MMeeT pasmep ny_1 X Ny, TAe Ny, - pa3mep
BHYTPEHHEro NpeACTaBNeHNs! AaHHbIX.
o [ = L(z_}t) - BLIYNCAUTL DYHKLNIO NOTepb. bxmy bx ngy Tt X 1
OBPATHbIN NPOXO0A

Punc. 29: ApxuTekTypa npsiMoro pacnpocTpaHeHusi HelipoHHOI
cetn

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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ApxntekTypa npsiMoOro pacnpocTpaHeHus

NPSAMOI NPOXOA, Weidhts
® Yy = T Ha BX0j, 0bbI4HO NofaéTcs HaTy AaHHbLIX T ¢ ° e 0

o Mnak=1,..t—11t Input o Q @ 0 Q

® vy, = o(v_qwy). ObpaTuTe BHUMaHNME, 4TO Ha
NpaKTUKe, AaHHbIE UMEKOT pasmepHocTs & € RP*Y, rpe
b - pasmep batua (ans ogHoro obbekTa U3 BLIGOPKN

b =1). B 1o Bpemsi kak MaTpuua BecoB w, k cos Uk Uk e

MMeeT pasmep ny_q X Ny, rAe ny - pasmep

BHYTPEHHEro NpeacTaB/eHns AaHHbIX.
o [ = L(z_}t) - BLIYNCAUTL DYHKLNIO NOTepb. bxmy bx ngy Tt X 1

OBPATHbIN NPOXO0A
oL Punc. 29: ApxuTekTypa npsiMoro pacnpocTpaHeHusi HelipoHHOI
° v =1, oL 1 cetun
‘f - 5‘5}‘3 AsTtomaTuyeckoe anddeperumnposarmne
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ApxntekTypa npsiMoOro pacnpocTpaHeHus

NPSAMOI NPOXOA, Weidhts
® Yy = T Ha BX0j, 0bbI4HO NofaéTcs HaTy AaHHbLIX T ¢ ° e 0

o Mnak=1,..t—11t Input o Q @ 0 Q

® vy, = o(v_qwy). ObpaTuTe BHUMaHNME, 4TO Ha
NpaKTUKe, AaHHbIE UMEKOT pasmepHocTs & € RP*Y, rpe
b - pasmep batua (ans ogHoro obbekTa U3 BLIGOPKN

b =1). B 1o Bpemsi kak MaTpuua BecoB w, k cos Uk Uk e
VMEET pasmep ny_q X My, T4 7y, - pasmep
BHYTPEHHEro NpeacTaB/eHns AaHHbIX.
® L = L(v,) - BBIMNCAUTB PYHKLMIO NOTEPb. bxmy bx ngy Mt X
OBPATHbIN NPOXO0A
oL Puc. 29: ApxuTekTypa NpsiMOro pacnpocTpaHeHusi HelipOHHO
v =L —~=1 cetn

® Nnak=tt—1,..,1:

— min
‘f o AsTtomaTuyeckoe anddeperumnposarmne
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ApxntekTypa npsiMoOro pacnpocTpaHeHus

NPSAMOI NPOXOA, Weidhts
® Yy = T Ha BX0j, 0bbI4HO NofaéTcs HaTy AaHHbLIX T ¢ ° ° e

o Mnak=1,..t—11t Input o Q @ 0 Q

® v, = o(v,_wy,). OBbpatute BHUMaHME, 4TO Ha
NpaKThke, flaHHble UMeroT pasmeprocTs = € RP*Y, rae
b - pasmep batua (ans ogHoro obbekTa U3 BLIGOPKN
b =1). B 1o Bpemsi kak MaTpuua BecoB w, k cos Uk = Uk ' e
VMEET pasmep ny_q X My, T4 7y, - pasmep
BHYTPEHHErO NPeACTaBAEHNS [aHHbIX.

® L = L(v,) - BBIMNCAUTB PYHKLMIO NOTEPb. bxng bxni Mgt X
OBPATHbIV NPOX04
oL Puc. 29: ApxutekTypa npsiMoro pacnpocTpaHeHusi HelipoHHOR
v =L —~=1 cetn

® Nnak=tt—1,..,1:
8L 0[1 8’Uk+1

o ~ _
81}k 81}k+1 8’Uk
bxnyg bXnpyq Mh+1 XNk
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ApxntekTypa npsiMoOro pacnpocTpaHeHus

NPSAMOI NPOXOA, Weidhts
® Yy = T Ha BX0j, 0bbI4HO NofaéTcs HaTy AaHHbLIX T ¢ ° ° e

o Mnak=1,..t—11t Input o Q @ 0 Q

® v, = o(v,_wy,). OBbpatute BHUMaHME, 4TO Ha
NpaKThke, flaHHble UMeroT pasmeprocTs = € RP*Y, rae
b - pasmep batua (ans ogHoro obbekTa U3 BLIGOPKN
b =1). B 1o Bpemsi kak MaTpuua BecoB w, k cos Uk = Uk ' e
VMEET pasmep ny_q X My, T4 7y, - pasmep
BHYTPEHHErO NPeACTaBAEHNS [aHHbIX.

® L = L(v,) - BBIMNCAUTB PYHKLMIO NOTEPb. bxng bxni Mgt X
OBPATHbIV NPOX04
oL Puc. 29: ApxutekTypa npsiMoro pacnpocTpaHeHusi HelipoHHOR
v =L —~=1 cetn

® Nnak=tt—1,..,1:
8L 0[1 8’Uk+1

L JE—
81}k 81}k+1 8’Uk
bxnyg bXnpyq Mh+1 XNk
oL - oL . 81}k+1
dwy, Ovgy1 Owy,
bxng_q-ng bxmnpyq Mk+1XNE—1"Nk
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Mpousseaenune MNeccnana Ha BekTop Oe3 BbivuucneHus camoro leccmnana

Korga Bam Hy>XHa HekoTopasi uHdopmaumst 0 KpususHe yHKLMM, 0BbINHO BaM HY)KHO paboTaTb C recCMaHoMm.
OpHako, 3T0 TPYAHO AenaTh, KOrha pasMepHOCTb 3agaqun senuka. [ns ckanspHoit dyHkumn f : R™ — R, reccuan B
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Mpousseaenune MNeccnana Ha BekTop Oe3 BbivuucneHus camoro leccmnana

Korga Bam Hy>XHa HekoTopasi uHdopmaumst 0 KpususHe yHKLMM, 0BbINHO BaM HY)KHO paboTaTb C recCMaHoMm.
OpHako, 370 TpyAHO fenaThb, KOrAa pa3mMepHOCTb 3agaqu Benuka. [ns ckansipHoin dpynkuyun f: R™ — R, reccuan B
Touke € R™ 3anuceizaetcs kak V2 f(x). Torna nponsseaeHie BeKTOpa Ha reccMaH MOXHO 3aMncaTh Kak

v V2f(z) v
ons noboro sektopa v € R™. Mbl MOXeM MCNONb30BaTh TOXAECTBO
V2 f(x)v = Vx> V()" o] = Vg(),

rae g(z) = Vf(2)T - v - HoBas dyHKLMA, KOTOPas CKaNSPHO YMHOXKAET rPafueHT f B T Ha BEKTOP V.
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Mpousseaenune MNeccnana Ha BekTop Oe3 BbivuucneHus camoro leccmnana

Korga Bam Hy>XHa HekoTopasi uHdopmaumst 0 KpususHe yHKLMM, 0BbINHO BaM HY)KHO paboTaTb C recCMaHoMm.
OpHako, 3T0 TPYAHO AenaTh, KOrha pasMepHOCTb 3agaqun senuka. [ns ckanspHoit dyHkumn f : R™ — R, reccuan B
Touke € R™ 3anuceizaetcs kak V2 f(x). Torna nponsseaeHie BeKTOpa Ha reccMaH MOXHO 3aMncaTh Kak

v V2f(z) v
ons noboro sektopa v € R™. Mbl MOXeM MCNONb30BaTh TOXAECTBO
V2 f(x)v = Vx> V()" o] = Vg(),

rae g(z) = Vf(2)T - v - HoBas dyHKLMA, KOTOPas CKaNSPHO YMHOXKAET rPafueHT f B T Ha BEKTOP V.

import jax.numpy as jnp

def hvp(f, x, v):
return grad(lambda x: jnp.vdot(grad(f) (x), v)) (x)
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Ounamuka 06yqenns HelipoHHoili ceTn yepes cnekTp leccuana n hvp *
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Puc. 30: Bonbline no mogynto oTpuuaTenbHble COBCTBEHHbIE 3HAYEHNSI reccnana ucyesnu nocne obyuernsi ResNet-32

4H(EKOTOpre NCCNeoBaHna B ONTUMMU3ALMN HEPOHHBIX CETE Yepe3 CnekTp cobcTBeHHbIX 3HadeHnid [eccnana

‘f = A promaTuueckoe andcbepeHLMpoBatme QDO
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Npes XapuuHcoHa ANns OueHKW cnega maTpuubl °

MeTOA XaTyuHcoHa no3BossieT OUEHNTb Cneq recCnaHa ¢ NOMOoLWbO onepal_wu7| BblHNCNEHUA YMHOXEHUA reCCnaHa Ha
I'IpOVI3BOJ1beII7I BEKTOP:

Mycts X € R4y v € RY - cnyvaiinbiii sekTop Takoii, 4to E[vv!] = 1. Torpa,

1

1Y
Tr(X) = E[vT Xv] = v ZviTXvi. -
=1

Puc. 31: Wctounuk

5A stochastic estimator of the trace of the influence matrix for Laplacian smoothing splines - M.F. Hutchinson, 1990
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I'Ipvlmep NCNONb30BaHNA KOHTPOJIbHbIX TOYEK rpagMeHTa O

6ZeR0O: Memory Optimizations Toward Training Trillion Parameter Models
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YeknonHTUHr

AHUMaLVs BbilleyKa3aHHbIX noaxonos €)
MpuMep UCNONL30BaHNS KOHTPONbHLIX Touek rpagueHTa €
B kauecTee npumMepa paccmoTpum obyuenune GPT-26:

® AKTuBauuUM B MPOCTOM PEXMME MOFYT 3aHUMaTb ropa3go bosblue NaMaTh: AAs NOCAEA0BATENbHOCTU AJNHO
1K u pa3smepa 6atua 32, 60 GB HyxHO ansi xpaHeHusi BCeX MPOMEXYTOUHbIX aKTUBALWIA.
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YeknonHTUHr

AHUMaLVs BbilleyKa3aHHbIX noaxonos €)
MpuMep UCNONL30BaHNS KOHTPONbHLIX Touek rpagueHTa €
B kauecTee npumMepa paccmoTpum obyuenune GPT-26:

® AKTuBauuUM B MPOCTOM PEXMME MOFYT 3aHUMaTb ropa3go bosblue NaMaTh: AAs NOCAEA0BATENbHOCTU AJNHO
1K u pa3smepa 6atua 32, 60 GB HyxHO ansi xpaHeHusi BCeX MPOMEXYTOUHbIX aKTUBALWIA.
® YeKknonHTUHT MOXeT CHU3NUTL noTpebnexne o 8 GB, nepecuntbiBast ux (33% AONOAHUTENBHBIX BbIYUCAEHUN)
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Yem aBsromatuyeckoe andeperuymposanmne (AD) He siBnsiercs:

® AD He siBnsieTcs METOAO0M KOHEYHbIX

pasHocTei

B /— min

AsTomaTuyeckoe anddepeHUnpoBaHne

DIFFERENTIAT {ON
STABLE
SYMBOLIC AUTOMATIC
sLow FAST
1 MANWAL &
NUMERIC AL e peACTIORS
UNSTABLE

Puc. 32: PasnuuHble nogxoapl Ans B3ATUS NPOU3BOAHbBIX
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Yem aBsromatuyeckoe andeperuymposanmne (AD) He siBnsiercs:

® AD He sBNsieTCA METOAOM KOHEYHbIX
pasHocTei

® AD He ABNSIeTCSA CUMBOJIbHLIM
BbIYNC/IEHNEM MPOU3BOLHbIX
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Yem aBsromatuyeckoe andeperuymposanmne (AD) He siBnsiercs:

® AD He 5iBNSIETCSA METOLOM KOHEYHbIX
pasHocTei

® AD He siBASieTCA CUMBOJIbHLIM
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® AD He siBAsieTCA TONBLKO NpaBuioMm
BbIYNC/IEHNS NPOU3BOLHON CIOXKHOI
dyHKLM®
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Yem aBsromatuyeckoe andeperuymposanmne (AD) He siBnsiercs:
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® AD He siBNSieTCSA CUMBOJIbHBIM
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® AD He siBAsieTCA TONBLKO NpaBuioMm
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Yem aBsromatuyeckoe andeperuymposanmne (AD) He siBnsiercs:

® AD He siBnsieTcs METOAO0M KOHEYHbIX

pasHoCTel DIFFERENTIAT {ON

® AD He ABNSIeTCSA CUMBOJIbHLIM

STABLE

BbIYNCAEHNEM NPOU3BOAHBIX

® AD He SBAS€TCA TONLKO NPaBUIOM SYMBOLIC AUTOMATIC
BbIYNCAEHUS NPON3BOAHON CIOXHOIA
dyHKLM®

® AD (obpaTHblli pexum) siBnsieTcs sLowW FAST
BPEMSIIPDEKTUBHBIM 1 HUCNEHHO VUMERIC AL MANUAL <&
cTabunbHbIM (v PYACTICAL)

® AD (obpaTHblii pexum) He siBnsieTcs UNSTABLE
abpekTUBHBIM MO NamsTh (HyKHO
XPaHUTb BCE NPOMEXYTOYHbIE Puc. 32: PaznnyHble nogxoabl A1t B3STUS MPON3BOGHBIX

BblHNCNEHNA N3 NPAMOro npoxo,qa)
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JononHutenbHble maTepuansbi

® PekomeHgyto npounTath odpuumansHyto kaury no Jax Autodiff. Open In Colab &

— min
‘f 2,9,z AsTtomaTuyeckoe anddeperumnposarmne
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JononHutenbHble maTepuansbi

® PekomeHgyto npounTath odpuumansHyto kaury no Jax Autodiff. Open In Colab &
® PacnpocTpaHeHue rpagmenTa HYepes NMHelHbIE HAUMEHbLUVE KBaPaTbl [ceMuHap]

— min
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JononHutenbHble maTepuansbi

® PekomeHgyto npounTath odpuumansHyto kaury no Jax Autodiff. Open In Colab &
® PacnpocTpaHeHue rpagmenTa HYepes NMHelHbIE HAUMEHbLUVE KBaPaTbl [ceMuHap]
® PacnpocTpaHtetue rpagueHTta depes SVD [cemuHap]
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JononHutenbHble maTepuansbi

Pekomengyto npountaTh odpuymanshyto kiury no Jax Autodiff. Open In Colab &
PacnpocTpateHune rpagueHTa yepes nnHeliHble HaMMeHbLUNE KBaApaThbl [cemuHap]
Pacnpoctpaterue rpaguenTa vepes SVD [cemunnap]

KoHTponbHble TOYKM akTuBaumii [cemutap)
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