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BekTopHble HOpMbI: MaTtpuyHble HOpMbI:

® Jzl, = Zl  |[zi| — £,-nopma ° A= /> . aj; = \/tr(AT A) — nopma

° |z|, = Z?:l z2 — eBkMAOBa HOpMa Ppobetuyca

* |z| = max, |z;| — £ -Hopma ® JAl, =3 0,(A) — apepras Hopma
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dayesmposemon-vopha: | A] = max,,,_ | Ar]
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CobcTrBeHHble 3HaveHus n SVD

CnekTpanbHoe pasnoxenue (415 CUMMETPUHHBIX
matpuy A = AT):

A=QAQ", QTQ=1

rae A = diag(Aq, ..., \,) — cobcTBeHHble 3Ha4EHUS.
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CobcTrBeHHble 3HaveHus n SVD

CnekTpanbHoe pasnoxenue (415 CUMMETPUHHBIX Cunrynsptoe pasnoxenue (SVD):
matpuy A = AT):
A=UxVT
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CobcTrseHHble 3HaveHusa n SVD

e
JcoHeThva A \unwuydr

R =

o laquectts
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CnekTpanbHoe pasnoxeHue (415 CUMMETPUYHBIX
matpuy, A = AT):

A=QAQ", QTQ=1

rae A = diag(Aq, ..., \,) — cobcTBeHHble 3Ha4EHUS.
MNonoxutensbHas onpepenéunactn: A =0 A > 0 V3

k(A) = % x(A)

min (

AN N

Yucno obycnosnenHocTn

k(M)

oL |\M\

JNuneiinas anrebpa (Jlekumns 1)
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_NA—Blr =, /> ot
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rank(B



CobcTrBeHHble 3HaveHus n SVD

CnekTpanbHoe pasnoxenue (415 CUMMETPUHHBIX
matpuy A = AT):

A=QAQ",

Q"Q

=1

rae A = diag(Aq, ..., \,) — cobcTBeHHble 3Ha4EHUS.
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Yucno obycnosnennoctu: k(A) =
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Cunrynsptoe pasnoxenue (SVD):
A=UxvVT
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3apaya (cnep n cobcTBeHHbIE 3HaYEHUs )

i VYnpocTuTe BblpaXkeHue:
tr(A+X)'A), rae AeST, ,A>0

Pewenue: Mycts A = QAQT — cnekTtpanshoe pasnoxenue. Torga:

(A+ 2D =QA+X)QT
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3apaya (cnep n cobcTBeHHbIE 3HaYEHUs )

i VYnpocTuTe BblpaXkeHue:
tr(A+X)'A), rae AeST, ,A>0

Pewenue: Mycts A = QAQT — cnekTtpanshoe pasnoxenue. Torga:

(A+ 2D =QA+X)QT

X\

tr((A+ANTHA) =t (A+ADTHA) = 3
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LoRA: Low-Rank Adaptation
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B /— min

Astomatundeckoe gudcdeperuunposarne (Jlekumusn 2)

AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)



paguneHT, reccuaH, skobnax

Fpaguent f: R™ — R:

or 8f>T

Vix)= (8961""’336

n

‘f - iny": AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)

10



paguneHT, reccuaH, skobnax

Fpaguent f: R™ — R:
of

Vi = (..

leccuan:

Vi f(z) =

Akobuan f: R” — R™:

T of
ﬁ) rn
"oz J.(x) = :

" 5@ Ot
Oz,
9%f
dx, 0x,,
0% f
o2

‘f - 5“4}‘3 AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)

of

ox,,

0fm

oz

n



paguneHT, reccuaH, skobnax

LU = & KOBUAH [ £ ULHT A

Akobuan f: R” — R™:

Fpaguent f: R™ — R:
T 0 of
Vf(z) = ﬁ ﬁ 67{1 ﬁ
Ofm ... Ofm
leccuan: Oz, x,,
?f 22 f LlenHoe npaswuno:
) ox? Y Bz,0z,
\Y = : : . =. “e
o= 4 Tp.g() = Tf(g(2)) - Ty )
0z, 0x, o2

R0 s R R
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Annpokcumauun Teiinopa

MNepBbii nopsigok (nuHeiiHoe npnbavxexne 8baN3M ):

2y (%) = f(@o) + Vf(wo)" (z — o)

‘f - Pﬂlel AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)
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Annpokcumauun Teinopa LA

MNepBbii nopsigok (nuHeiiHoe npnbavxexne 8baN3M ):

20 (%) = f(x0) + V()" (z — 7o)

Bropoit nopsipok (kBagpatnutoe npnbauxexne 8bansm x):

g(ff) = flzy) + Vf(xO)T(m — ) + %(m - Io)Tv2f($0)(m — )

£26
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Annp(iazamal.&l,_w:l‘Temno a ;“é\a F(" K1 = K- o V%(N;
= a(gmm ‘H"‘«A

\ N
I

© e
MNepBbiii Nnopsigok (nMHelﬁgioe(Jr: nbnvxerne 86aM3M (): — ﬂVﬁW\W‘ »G(Xk .,LV@(X;S
L/—\—]
£, (@) = Flag) +V flag) " (x — o) ~ o
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‘f - 5‘5}‘3 AsTomaTnyeckoe anddep QDO

fil(@) = fl=) + V()" (2 — o) +



3apayva (rpagueHT n reccua)

5

Xl —_—
Hxa N

1 Paccmotpum keagpatuuHyto chyrkumio f(z)
1) Haiigute rpaguent u reccuan V2 f(z).

= (23 +423), x € R%.

‘f - fny": AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)
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3apayva (rpagueHT n reccua)

H=

{
| =l

i Paccmotpum keagpatuunyto dynkumio f(2) = %(x% +423), z € R2.
1) Haiigute rpaguent u reccuan V2 f(z).

2) HaiignTe KOHCTAaHTY CUIbHOM BbIMYKAOCTU [4 U KOHCTaHTy rnagkoctu L.

‘f - iny": AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)
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3apayva (rpagueHT n reccua)

PaccmoTpum kBagpatudnyto dyHkuumio f(z) = %(x% +423), z € R2.
1) Haiigute rpaguent u reccuan V2 f(z).
2) HaiignTe KOHCTaHTY CUALHONM BbINMYKNOCTU /L 1 KOHCTaHTY rnagkoctu L.

Pewenve: V f(z) = (z,,42,)", V2 f(z) = ((1) 2)

B /— min
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3apayva (rpagueHT n reccua)

i Paccmotpum keagpatuunyto dynkumio f(2) = %(x% +423), z € R2.
1) Haiigute rpaguent u reccuan V2 f(z).
2) HaiignTe KOHCTaHTY CUALHONM BbINMYKNOCTU /L 1 KOHCTaHTY rnagkoctu L.

Pewenve: V f(z) = (z,,42,)", V2 f(z) = ((1) 2)

CobcTBeHHble yucna reccmana: 1 un 4. CnegosatensHo, p =1, L = 4.
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Forward n Backward mode AD

Forward mode (npsimoii npoxog):
® Boluncnser Jf - U 3a OfVH NpoXxoA

‘f - 5“4}‘3 AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)

Backward mode (obpaTHbiii npoxoa):
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Forward n Backward mode AD

Forward mode (npsimoii npoxog): Backward mode (obpaTHbiii npoxoa):

® Boluncnser Jf - U 3a OfVH NpoXxoA ® Buiuncnsier vl - Jf 3a OAVH Npoxon

® DdcbekTuBeH korga n <K m (Mano BXog[os) ddppekTuBer Korga n > m (MHOrO BXOLOB)

® Vicnonbayercsi B JVP (Jacobian-vector product) Vcnonbayercst 8 VIP (vector-Jacobian product)
Backpropagation g HelipoceTtsix!

‘f - min AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2) DO



Forward n Backward mode AD

Forward mode (npsimoii npoxog): Backward mode (obpaTHbiii npoxoa):

® Boluncnser Jf - U 3a OfVH NpoXxoA ® Buiuncnsier vl - Jf 3a OAVH Npoxon

® DdcbekTuBeH korga n <K m (Mano BXog[os) ddppekTuBer Korga n > m (MHOrO BXOLOB)
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Forward n Backward mode AD IB
PR

L= 7 7 =1

Forward mode (npsimoii npoxog): Backward mode (obpaTHbiii npoxog): IDSX,O&V
BIANCASET J; - U 32 OAMH NPOXOA ® BbIMUCHAET U -7 3a OAMH NpoXoA —
® DdcbekTuBeH korga n <K m (Mano BXog[os) ® SdpcpekTrBeH KOrga 1 > m (MHOTO BXOAOB) )0Q
® Vicnonbayercsi B JVP (Jacobian-vector product) ® Vcnonbayercsi B VJP (vector-Jacobian product)

® Backpropagation B HeiipoceTsix!

Ons f: R™ — R (Tunnynas dynkums notepb): backward mode Bbiuncnsier nontbiii rpagueHt 3a O(1) npoxognos,
forward mode — 3a O(n) npoxogos.

b
matvec: \'\\,/)’7 VQ’F (W\' vV I— &‘@Pé‘é

e

‘f - min AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2) P00 O
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Forward mode AD

‘f — min
Tz

AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)

v; =

Bvi
ow k

Ui(:tl, .. .,:Btl.)

Z ov; 8:1:J

Ox; dwy,
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Backward mode AD (Backpropagation)

Memory: vy oL

Oxy

oL
0L L 9L Oz; dzy
ov; = a_acj ov;

0L
6.’13 t;

‘f - 5“4}‘3 AsTomaTtuyeckoe anddeperumposanme (Jlekuus 2)

15



Boinyknocts (Jlekuyus 3)

‘f - ;nyu: Beinyknocts (Jlekuns 3)



Bbinyknble MHOXecTBa n byHKL UM

Bbinyknoe MHOXeCTBO: S BbINyKJIO, €CNu

Vz,y € S,a€0,1]:ax+(1—a)ye S

‘f - §ny“: Beinyknocts (Jlekuns 3)
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Bbinyknble MHOXecTBa n byHKL UM

Bbinyknoe MHOXecTBO: S BbINyK/O, ecnn
Vz,y € S,a€0,1]:ax+(1—a)ye S

Mpumepsi:
® Monynpoctpancteo {x : a’w < b}

‘f - 5‘5}‘3 Boinyknocts (Jlekumns 3)

Boinyknas cyHkums: f Boinykna, ecin dom f Bbinyknas

n

flaz+ (1 —a)y) < af(z)+ (1 —a)f(y)
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Bbinyknble MHOXecTBa n byHKL UM

Bbinyknoe MHOXecTBO: S BbINyK/O, ecnn
Vz,y € S,a€0,1]:ax+(1—a)ye S

Mpumepsi:
® Monynpoctpancteo {x : a’w < b}
® Wap {z: |z —c|<r}

‘f - 5‘5}‘3 Boinyknocts (Jlekumns 3)

Boinyknas cyHkums: f Boinykna, ecin dom f Bbinyknas

n

flaz+ (1 —a)y) < af(z)+ (1 —a)f(y)
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Bbinyknble MHOXecTBa n byHKL UM

Bbinyknoe MHOXecTBO: S BbINyK/O, ecnn
Vz,y € S,a€0,1]:ax+(1—a)ye S

Mpumepsi:
® Monynpoctpancteo {x : a’w < b}
* Wap {z: |z —c| <r}
® Konye {z: [z <t}

‘f - 5‘5}‘3 Boinyknocts (Jlekumns 3)

Boinyknas cyHkums: f Boinykna, ecin dom f Bbinyknas

n

flaz+ (1 —a)y) < af(z)+ (1 —a)f(y)
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Bbinyknble MHOXecTBa n byHKL UM

Bbinyknoe MHOXecTBO: S BbINyK/O, ecnn
Vz,y € S,a€0,1]:ax+(1—a)ye S

Mpumepsi:
® Monynpoctpancteo {x : a’w < b}
* Wap {z: |z —c| <r}
® Konye {z: [z <t}

‘f - 5‘5}‘3 Boinyknocts (Jlekumns 3)

Boinyknas cyHkums: f Boinykna, ecin dom f Bbinyknas

n

flaz+ (1 —a)y) < af(z)+ (1 —a)f(y)

17



Bbinyknble MHOXecTBa n byHKL UM

Bbinyknoe MHOXecTBO: S BbINyK/O, ecnn
Vz,y € S,a€0,1]:ax+(1—a)ye S

Mpumepsi:
® Monynpoctpancteo {x : a’w < b}
* Wap {z: |z —c| <r}
® Konye {z: [z <t}

‘f - 5‘5}‘3 Boinyknocts (Jlekumns 3)

Boinyknas cyHkums: f Boinykna, ecin dom f Bbinyknas

n

flaz+ (1 —a)y) < af(z)+ (1 —a)f(y)

Mpumepsi:
* f(x)=|zl, anap > 1
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Bbinyknble MHOXecTBa n byHKL UM

Bbinyknoe mMHoxecTBo: S BbINyK/0, ecau Boinyknas dyHkums: [ soinykna, ecan dom f Bbinyknas
"
Vr,y€ S,a€0,1]:ax+(1—a)ye S flax+ (1 —a)y) < af(z) + (1 —a)f(y)
Mpumepsi: Mpumepsi:
® TMonynpoctpancteo {z : a’x < b} * f(x) = ||, anap>1
* Wap {z: |z —c| <r} * flz) =€ f(z) = —logz

® Konye {z: |z <t}

‘f - 5“}‘3 Boinyknocts (Jlekumns 3) P00 O 17



Bbll'lnylble MHO>XeCTBa U d))’HKLI,VIVl A e/':_ M, Ié
N A= o S Am gihe e

Beinyk/i0e MHOXECTBO: S BbINyk/O, €C/N Boinyknasyhkums: f suinykna, ecnn dom f Bbinyknas
"
Vr,y€ S,a€0,1]:ax+(1—a)ye S flax+ (1 —a)y) <af(z) + (1 —a)f(y)
Mpumepsi: Mpumepsi:
® Monynpoctpancteo {x : a’w < b} * f(x) = |z, anap>1

® Wap {z: |z —c| <7} * flx)=e", f(zx) = —logux
® Konyc {z : |z| <t} ’? (AB e fz)=2TAz npn A =0
che <'eV /- KE“ A<D
Npvoee = MK T &ol
woy = WEXY gTe Q(ﬁ\_,b,o\@bx

e ok e L= >\max(x> w=X

‘f - 5“}‘3 Boinyknocts (Jlekumns 3) P00 O 17



Kputepuu Bbinyknoctu

Nepsbin gudrdeperymnanshbii kputepuii (ans auddepeHuupyembix):

fy) = f@) + (Vf(),y — )

‘f - 5‘5}‘3 Boinyknocts (Jlekumns 3)

Vz,y

18



Kputepuu Bbinyknoctu

Nepsbin gudrdeperymnanshbii kputepuii (ans auddepeHuupyembix):

fy) = fl@) + (Vf(x),y—x) Va,y

Bropoin guddeperumnansHbiii kputepuii (,qn;l OBaXKAbl ,u,m:bdoepeHu,mpyemux):

VZif(z) =0 Vax

‘f - 5‘5}‘3 Boinyknocts (Jlekumns 3)

18



Kputepuu Bbinyknoctu

WP
Mepsbiii gudpcbeperHumnansHbiii KpUTEPUt (,qnﬂ\fJ,mdod)epeHu,mpyemux):

fy) = f@) +(Vf(x),y—x) Vaz,y

Heng -
Bropoin guddeperumnansHbiii kputepuii (,qnﬂ Asam,u,blvp,md)doepeHumpyeMblx):

VZif(z) =0 Vax

KE
CunbHas BbinyknocTb (L-strong convexity): / Qﬂ? .

) 2 f@) + (Vi@)y =) + Sly ol

und V2f(x) = pl |ans scex .

>

I\ ok

‘f - 5“:‘: Beinyknocts (Jlekuns 3) 0O

gum TR ecil. Ro(l. lw‘)P
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3apaya (pokasatenbcTso BbII'IyKJ'IOCTI/I)¥4 SR 4Ay’g? P-6>

o, M%) A 87) = @fn-6) d(h-€)>=
= (2(% —-Q)(\B:g{){> = <{ DJ-\T (Ax —Q)&Q

1 [Jokaxute, uto dyHkums LASSO ebinyknas: 'Q\ '?3_

f@) = [z — bl + Nk, A0
d(ol&) =d (4 ol (Ix-8),dx QB -¢ AN-4(M-6) dx>=
={9 AT. Adx >olx, =
=7 qu‘ = lN A \EO




3apaya (noKa3aTenbCTBO BbIMYKIOCTH)

1 [JokaxuTe, 4to byHkums LASSO sbinyknas:

f(x) = Az = b]3 + Al

A>0

PeweHue:

® fi(z) = |Ax — b3 — Buinyknas, T.k. V2f;(z) =24TA >0

‘f - {n;‘: Beinyknocts (Jlekuns 3)
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3apaya (noKa3aTenbCTBO BbIMYKIOCTH)
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A>0
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® fi(z) = |Ax — b3 — Buinyknas, T.k. V2f;(z) =24TA >0

‘f - {n;‘: Beinyknocts (Jlekuns 3)
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3apaya (noKa3aTenbCTBO BbIMYKIOCTH)

1 [JokaxuTe, 4to byHkums LASSO sbinyknas:

fla) = Az — b3 + Azl

A>0

Pewenune:
® fi(z) = |Ax — b3 — Buinyknas, T.k. V2f;(z) =24TA >0

® fy(x) = A|z|; — BbINyKNas kak HopMa, yMHOXeHHasi Ha A > 0

‘f - iny": Beinyknocts (Jlekuns 3)

19



3apaya (noKa3aTenbCTBO BbIMYKIOCTH)

1 [JokaxuTe, 4to byHkums LASSO sbinyknas:

fla) = Az — b3 + Azl

A>0

Pewenune:
® fi(z) = |Ax — b3 — Buinyknas, T.k. V2f;(z) =24TA >0

® fy(x) = A|z|; — BbINyKNas kak HopMa, yMHOXeHHasi Ha A > 0

‘f - iny": Beinyknocts (Jlekuns 3)

19



3apaya (noKa3aTenbCTBO BbIMYKIOCTH)

1 [JokaxuTe, 4to byHkums LASSO sbinyknas:

fa) = Az —bJ3 + Alzl,, A>0

Pewenune:
® fi(z) = |Ax — b3 — Buinyknas, T.k. V2f;(z) =24TA >0

® fy(x) = A|z|; — BbINyKNas kak HopMa, yMHOXeHHasi Ha A > 0

® f(z) = fi(x) + fy(x) — BbINyKNA KaK CyMMa BbIMYKIbIX DYHKLMIA.

‘f - 5“:‘: Beinyknocts (Jlekuns 3)

19



BbII'IyKJ'IbIe N HEBbLINYKJ1bl€ MHOXXeCTBa

O

BD=

‘f - {ny": Beinyknocts (Jlekuns 3)

20



Bbinyknas n HeBbinyknas yHKkuun

f(z) Non convex

Convex

B /— min

Boin:

3>
>

xr

yknocts (Nlekuns 3)

21



ConpsixxéHHble mHoxecTBa u dyHkuumn (Jlekuns 4)

‘f - nin ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)



[ BoACTBEHHbI A KOHYC

[ BoiicTBEHHbI/ KOHYC:

B /— min

K*={y: (x,y) >0Vz € K}

ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

23



[ BoACTBEHHbI A KOHYC

[ BoiicTBEHHbI/ KOHYC:
K*={y: (x,y) >0Vz € K}

Mpumepsbi:
® (K*)* = K pnsa 3amkHyToro Bbinyknoro K

‘f - 5‘5}‘3 ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

HopmanbHbiii koHyc:

Ng(r) ={g: {9,y —x) <0Vyec S}
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[ BoACTBEHHbI A KOHYC

[ BoiicTBEHHbI/ KOHYC:
K*={y: (x,y) >0Vz € K}
Mpumepsbi:

® (K*)* = K pnsa 3amkHyToro Bbinyknoro K
® (R7)* =R7} (camopBoiCTBEHHBbII )

‘f - 5‘5}‘3 ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

HopmanbHbiii koHyc:

Ng(r) ={g: {9,y —x) <0Vyec S}
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[ BoiicTBEHHbI/ KOHYC:
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Mpumepsbi:
® (K*)* = K pnsa 3amkHyToro Bbinyknoro K
® (R7)* =R7} (camopBoiCTBEHHBbII )
® Konyc JlopeHua camoaBoiCTBEHHbI

‘f - 5‘5}‘3 ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

HopmanbHbiii koHyc:

Ng(r) ={g: {9,y —x) <0Vyec S}
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[ BoACTBEHHbI A KOHYC

[ BoiicTBEHHbI/ KOHYC:
K*={y: (x,y) >0Vz € K}

Mpumepsbi:
® (K*)* = K pnsa 3amkHyToro Bbinyknoro K
® (R7)* =R7} (camopBoiCTBEHHBbII )
® Konyc JlopeHua camoaBoiCTBEHHbI

‘f - 5‘5}‘3 ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

HopmanbHbiii koHyc:

Ng(r) ={g: {9,y —x) <0Vyec S}
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[ BoACTBEHHbIA KOH

win % (KB =>

xed

e

rion SRR

J

(A0 480 ﬂ;@

[ BoiicTBEHHbI/ KOHYC:

TR -

K ={y:(2,y

Mpumepsbi:
® (K*)* = K pnsa 3aMKHYTOro BbinyKJ
® (R7)* =R7} (camopBoiCTBEHHBbII )
® Konyc JlopeHua camoaBoiCTBEHHbI

—VHRE J\é(x\\

*e0 KéS ! %\

Xe < HopmanbHbiii koHyc: \\\
Ns(z) ={g: {9,y —2) <0 Vy €8}

Ons Beinyknoro S n z* € S:

Ha S < |-V f(z

\oe?F(Xﬂ

D e ’O{'(X*) +’5«5

*) € Ng(a*

wﬁﬂ\ﬂ K69
&)

¥ — MVIHVIMyM

N6 = 210

»ectBa n yHkuyuu (Nlekuns 4)



Conpsixénnasn cyHkuns (npeobpasosaxue Jlexanapa)

[y = Slip(<y, x) — f(x))

‘f - nin ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

24



Conpsixénnasn cyHkuns (npeobpasosaxue Jlexanapa)

[y = St;p(<y, z) — f(x))

CsoiictBa:

® f* Bcerpa Bbinyknas (fake ecnn f He Bbinyknast)

‘f - nin ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

24



Conpsixénnasn cyHkuns (npeobpasosaxue Jlexanapa)

[y = sup ((y,z) — f(2))
CsoiicTBa:

® f* Bcerpa Boinyknas (paxe ecnu f He Bbimyknas)
® (f*)* = f pns BBINYKABIX 3aMKHYTbIX f

‘f - nin ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

24



Conpsixénnasn cyHkuns (npeobpasosaxue Jlexanapa)

[y = St;p(<y, z) — f(x))

CsoiictBa:

® f* Bcerpa Boinyknas (paxe ecnu f He Bbimyknas)
® (f*)* = f pns BBINYKABIX 3aMKHYTbIX f
® HepasercTeo FOHra-®enxens: f(z) + f*(y) > (z,y)

‘f - §ny“: ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)
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Conpsixénnasn cyHkuns (npeobpasosaxue Jlexanapa)

[y = St;p(<y, z) — f(x))

CsoiictBa:

® f* Bcerpa Boinyknas (paxe ecnu f He Bbimyknas)
® (f*)* = f pns BBINYKABIX 3aMKHYTbIX f
® HepasercTeo FOHra-®enxens: f(z) + f*(y) > (z,y)

‘f - §ny“: ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)
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Conpsixénnasn cyHkuns (npeobpasosaxue Jlexanapa)

[y = St;p(<y, z) — f(x))

CsoiictBa:

® f* Bcerpa Boinyknas (paxe ecnu f He Bbimyknas)
® (f*)* = f pns BBINYKABIX 3aMKHYTbIX f
® HepasercTeo FOHra-®enxens: f(z) + f*(y) > (z,y)

Mpumepsr:

* f@) = slelz = () = 3lyl3

‘f - 5“:‘: ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

24



Conpsixénnasn cyHkuns (npeobpasosaxue Jlexanapa)

j“(y)zzsgp(<y,x>—-f(rﬁ

CsoiictBa:

® f* Bcerpa Boinyknas (paxe ecnu f He Bbimyknas)
® (f*)* = f pns BBINYKABIX 3aMKHYTbIX f
® HepasercTeo FOHra-®enxens: f(z) + f*(y) > (z,y)

Mpumepsr:

* flz)=3l=l3 = £ () = 3lvl3
* f@) =laly, = f*(4) =Ty, <1 rae 5 + 4 =1

‘f - 5“:‘: ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)
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[ BoiicTBEHHbIE KOHYCbI

L2,

Z2,

‘f - 5‘5}‘3 ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)

2,

L1

\4
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ConpsixérHasn dyHkuuns (reomeTpuyeckas nHTepnpertaumns)

/
Ve
/s 7/
Ve
Ty,
7/ 7
/s 7
7/ 7
s/ 7
7 7

‘f - nin ConpsixénHble MHOXecTBa U dyHkuuu (Jlekumns 4)



Cy6rpapvent (Jlekuus 5)

‘f - ;nyu: CybrpaguenT (Jlekuus 5)



Cybpudceperymnan

[ns oinyknoii f, cybrpagmnenT B Touke &

g€ of(x) & fly) > f(x) + {9,y — )

‘f - §ny“: CybrpaguenT (Jlekuus 5)

Yy

28



Cybpudceperymnan

Ons sbinyknoli f, cybrpagneHT B TOYKe T:
gedf(x) & fly) > flz)+ {9,y —x)

Cybanddepenuymnan 0 f(x) — MHoxecTBO BCex CybrpagneHTos.

‘f - 5‘5}‘3 CybrpaguenT (Jlekuus 5)

Yy

28



Cybpudceperymnan

Ons sbinyknoii f, cybrpagmenT B Touke T:
gedf(x) & fly) > flz)+ {9,y —x)

Cybanddepenuymnan 0 f(x) — MHoxecTBO BCex CybrpagneHTos.

CsoiictBa:

® Ecan f pudbdpeperumpyema B x, 1o df(x) = {Vf(z)}

‘f - 5‘5}‘3 CybrpaguenT (Jlekuus 5)

Yy

28



Cybpudceperymnan

Ons sbinyknoii f, cybrpagmenT B Touke T:
gedf(x) & fly) > flz)+ {9,y —x)

Cybanddepenuymnan 0 f(x) — MHoxecTBO BCex CybrpagneHTos.

CsoiictBa:

® Ecan f pudbdpeperumpyema B x, 1o df(x) = {Vf(z)}
® Jf(x) — BbINyK/IOE 3aMKHYTOE MHOXXECTBO

‘f - 5‘5}‘3 CybrpaguenT (Jlekuus 5)

Yy

28



Cybpudceperymnan

[ns oinyknoii f, cybrpagmnenT B Touke & /

vt Q)

\
g €0f(x) & fly) > f(x) + {9,y — )

Yy

Cybanddepenuymnan 0 f(x) — MHoxecTBO BCex CybrpagneHTos.

CgoiicTBa:
® Ecan f pudbdpeperumpyema B x, 1o df(x) = {Vf(z)}
e — BhINYKA MKHYTOE MHOMECTR

® 0 € df(z*) & x* — rnobanbHbili MUHUMYM

‘f - m}‘: CybrpaguenT (Jlekuus 5)

28



MpaBuna Bbiuncnenuns cyoguddeperymnana

Cymma: I(f + g)(z) = 9f(x) + dg(x)

‘f - iny"} CybrpaguenT (Jlekuus 5)

29



Mpasuna Bbiuncnenus cyogudcepeHymnana

Cymma: O(f +g)(x) = 0f(z) + dg(x)
Ckansiproe ymuoxenue: 0(af)(x) = a-0f(x) npu a >0

‘f - {ny": CybrpaguenT (Jlekuus 5)

29



Mpasuna Bbiuncnenus cyogudcepeHymnana

Cymma: O(f +g)(x) = 0f(z) + dg(x)
Ckansiproe ymuoxenue: 0(af)(x) = a-0f(x) npu a >0

LlenHoe npasuno (acddpuHuas komnosnums):

A(f(Ax + b)) (z) = ATOf(Ax +b)

‘f - 5“4}‘3 CybrpaguenT (Jlekuus 5)
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Mpasuna Bbiuncnenus cyogudcepeHymnana

Cymma: O(f +g)(x) = 0f(z) + dg(x)
Ckansiproe ymuoxenue: 0(af)(x) = a-0f(x) npu a >0

LlenHoe npasuno (acddpuHuas komnosnums):

A(f(Ax + b)) (z) = ATOf(Ax +b)

{1}, x>0
8f(x)—{[—1,1], x=0
{-1}, =x<0

Npumep: f(z) = |z|

‘f - 5‘5}‘3 CybrpaguenT (Jlekuus 5) P00 O 29



3apaya (cybauddeperunan)

1 Paccmotpum dymkumio| f(2) = max(e®t, 1) + 2|z, © € R2.

1) Haiigute Of(z) 8 rommeT—"tt=2Y: {*\ ,F{
% = D (max (< 8 « a\x..;\\) = 0 (max(<; @)\)+ Ic)(\ﬂ\\)
() = (—OL\ > 120
B[, va=o 0 tod

(3\ ) %a 2P

‘f - §ny“: CybrpaguenT (Jlekuus 5) P00 O 30




3apaya (cybaunddeperunan) a(:(ﬁ _ Convl\_) 9 F‘L (%3

ieT

i Paccmotpum dyrkumio f(z) = max(e®, 1) 4 2|z, |, © € R
1) Haiigute Of(z) B Touke x = (1,—2).

’a(m&\( (e}«)&\)‘_ b X[ =0 231__ £
i o
(Zx'> (e :( g
%0 _
3 e,

Q)\e x=0, délo 1)

o(d)=(;

30



3apaya (cybauddeperunan)

i Paccmorpum dyrkumio f(z) = max(e®, 1) 4 2|z, |, © € R
1) Haiigute 0f(x) B Touke z = (1, —2).

,_I

/o

oF G [
. PO lrlels

‘f - 5‘5}‘3 CybrpaguenT (Jlekuus 5)
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O
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e
—
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3apaya (cybauddeperunan)

1 Paccmotpum dymkumio f(x) = max(e®t, 1) + 2|z, © € R2.
1) Haiigute Of(z) B Touke z = (1,—2).
2) Hanigute 0f(x) B Touke z = (0,0).

‘f - ;nyu: CybrpaguenT (Jlekuus 5)
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3apaya (cybauddeperunan)

1 Paccmotpum dymkumio f(x) = max(e®t, 1) + 2|z, © € R2.
1) Haiigute Of(z) B Touke z = (1,—2).
2) Hanigute 0f(x) B Touke z = (0,0).

‘f - ;nyu: CybrpaguenT (Jlekuus 5)
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3apaya (cybauddeperunan)

1 Paccmotpum dymkumio f(x) = max(e®t, 1) + 2|z, © € R2.
1) Haiigute Of(z) B Touke z = (1,—2).
2) Hanigute 0f(x) B Touke z = (0,0).

Pewenue: 1) B Touke (1,—2): e! > 1, nostomy 0, f = {e}; x5 < 0, nostomy Oy f = {—2}.
1 2

a.f(L _2) = {(6, _Z)T}

‘f - {n;‘: CybrpaguenT (Jlekuus 5)
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3apaya (cybauddeperunan)

i Paccmorpum dyrkumio f(z) = max(e®, 1) 4 2|z, |, © € R
1) Haiigute Of(z) B Touke x = (1,—2).
2) Hanigute 0f(x) B Touke z = (0,0).

Pewenne: 1) B Touke (1,—2): e! > 1, nostomy 9, f = {e}; x5 < 0, nostomy 9, f = {—2}.

af(L _2) = {(67 _Z)T}

2) B Touke (0,0): ¢ = 1, obe pyHkuum akTusHbl B max, noatomy 0 f = [0, 1]; z5 = 0, nostomy 9, f = [—2,2].

af(oa 0) = [07 1] X [_27 2}

‘f - §ny“: CybrpaguenT (Jlekuus 5) P00 O 30



CybpudcepeHuyman — MHOXeCTBO Bcex CyOrpagueHToB

y
>

—9g2

‘f — min
Tz

Zo

CybrpaguenT (Jlekuus 5)

A\ 4

Zo

A\ 4

Zo

A\ 4

31



Cy6auddepenunan |z|

f(z) = |z

A

0f ()

‘f - m}‘l CybrpaguenT (Jlekuus 5)
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B /— min

Ycnosus ontumansroctu, KKT (Jlekuus 6)

Venosus ontumansioctn, KKT (Jlekuyus 6)

33



B /— min

Jlarpanxuan u ycnosus KKT

PaccmoTpum 3agavy:

Venosus ontumansioctn, KKT (Jlekuyus 6)

f(z)
<0,i=1
=0,5=1,
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Jlarpanxuan u ycnosus KKT

PaccmoTpum 3agavy:

min f(z)
st.og;(x) <0,i=1,.
hj(l’) =0,j=1,
JNarpanxnaHn:

‘f — min
Tz

Venosus ontumansioctn, KKT (Jlekuyus 6)

34



Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HEO6XOAVIMI:I€ yCcnosmsa onTUManbHOCTU ANA x*:

‘f - iny": Venosus ontumansioctn, KKT (Jlekuyus 6)
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Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HEO6XOAVIMI:I€ yCcnosmsa onTUManbHOCTU ANA x*:

1. Craymonaprocte: V_ L(z*, \*,v*) =0

‘f - §ny“: Venosus ontumansioctn, KKT (Jlekuyus 6)
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1. Craymonaprocte: V_ L(z*, \*,v*) =0

‘f - §ny“: Venosus ontumansioctn, KKT (Jlekuyus 6)
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Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HeobxoanMble ycnosus onTuMansHocTu ans x*:
1. Craymonaprocte: V_ L(z*, \*,v*) =0

2. Npsamas ponyctumocts: g;(7*) <0, h;(z*) =0

‘f - m}‘l Venosus ontumansioctn, KKT (Jlekuyus 6)

35



Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HeobxoanMble ycnosus onTuMansHocTu ans x*:
1. Craymonaprocte: V_ L(z*, \*,v*) =0

2. Npsamas ponyctumocts: g;(7*) <0, h;(z*) =0

‘f - m}‘l Venosus ontumansioctn, KKT (Jlekuyus 6)
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Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HeobxoanMble ycnosus onTuMansHocTu ans x*:
1. Craymonaprocte: V_ L(z*, \*,v*) =0
2. Npsamas ponyctumocts: g;(7*) <0, h;(z*) =0

3. AsoiicTeenHas ponyctumocTb: A7 > 0

‘f - 5‘5}‘3 Venosus ontumansioctn, KKT (Jlekuyus 6)
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Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HeobxoanMble ycnosus onTuMansHocTu ans x*:
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3. AsoiicTeenHas ponyctumocTb: A7 > 0

‘f - 5‘5}‘3 Venosus ontumansioctn, KKT (Jlekuyus 6)

35



Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HeobxoguMble ycnosus onTuMansHoCcTy ans ™
1. Craymonaprocte: V_ L(z*, \*,v*) =0
2. Npsamas ponyctumocts: g;(7*) <0, h;(z*) =0
3. AsoiicTeenHas ponyctumocTb: A7 > 0

4. Oononusiowas HexécTkocTb: \ig,(z*) =0

‘f - 5‘5}‘3 Venosus ontumansioctn, KKT (Jlekuyus 6)

35



Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HeobxoguMble ycnosus onTuMansHoCcTy ans ™
1. Craymonaprocte: V_ L(z*, \*,v*) =0
2. Npsamas ponyctumocts: g;(7*) <0, h;(z*) =0
3. AsoiicTeenHas ponyctumocTb: A7 > 0
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Ycnosusa Kapywa-KyHna-Takkepa (KKT)

HeobxoguMble ycnosus onTuMansHoCcTy ans ™
1. Craymonaprocte: V_ L(z*, \*,v*) =0
2. Npsamas ponyctumocts: g;(7*) <0, h;(z*) =0
3. AsoiicTeenHas ponyctumocTb: A7 > 0
4. Oononusiowas HexécTkocTb: \ig,(z*) =0

Ons sbinyknbix 3agad KKT ycnoeusi 4OCTaToOUHbI NPy BLIMOAHEHNN YCAOBUS perynsipHocTu (Hanpumep, yciosue
Cnelitepa).

‘f - 5‘5}‘3 Venosus ontumansioctn, KKT (Jlekuyus 6) P00 O



3apaya (ycnosusa KKT) (*a\ _pe m‘l" G(P» :% P-r 6 P

2n R / v‘-\ o \an
i Hailante Munumym dyHkumm: 'g r R —> @ (J = ( o I)
flz,y) = %a:TAa: +bT2 + %Hy”% — ergrzlc anr
— .? - ('56‘“.
rae A > 0. \ P\Q\Nu&
Cowamug : T T
) Somasiase (ki)Y = & 2hee€xa by e D fay-O)
N Danuwes KT AL )
\ @GLX-: AX'(’Z» Q=O‘v\ Fa—b—z X"H—C”O lw
ol = 13-&‘0 =0 l
B/ min oy ongném, KKT (Nlexuust 6) @00 3



3apaya (ycnosus KKT)

i Haigute munumym dyrkumum:
L r T Lo .
flz,y) = 52" Az + 0"z + S|y[; = min
2 2 z+y=c

rae A > 0.

Pewenwue: Jlarpawxuan: L = %ITAI + bl + %yTy +vl(z+y—c

)
A(x—rE-D'—-—O A(C‘\')B-fg '\") =0 (A {]3\7"' G:AC:D
R V- (1) (A S
Yy~ C=o0 x=C-Yy = C4 g - (A +I) (Ac+b) \

X< ¢+ (D) (he-6)




3apaya (ycnosus KKT)

i Haiigute munumym dyHkumn:
L r T Lo .
flz,y) = 52" Az + 0"z + S|y[; = min
2 2 z+y=c

rae A > 0.

Pewenve: Jarparxuan: L = 127 Az + 07w+ LyTy + 10T (w+y—c)

Vcnosus ontumansHoctn: Az +b+v=0,y+v=0,z+y=c

‘f - iny": Venosus ontumansioctn, KKT (Jlekuyus 6)



3apaya (ycnosus KKT)

i Haﬁp,me MUHUMYM d)yHKLWII/IZ
1 T T 1 2 :
f(z,y) = 27 Ar + b7 2 + Sfylz — min
2 2 rt+y=c

rae A > 0.

Pewenve: Jarparxuan: L = 127 Az + 07w+ LyTy + 10T (w+y—c)
Vcnosus ontumansHoctn: Az +b+v=0,y+v=0,z+y=c

Wsy=—vuz=—A"1(b+v), noactasnss B orpaHuueHue:

v=—(A"t+ D) c+ A7)

‘f - iny"} Venosus ontumansioctn, KKT (Jlekuyus 6)
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KKT pnsa 3apayqn c orpaHn4yeHnemM-paBeHCTBOM

B /— min

MbEI XoTHM: f(a:F + (5:1:) < f(a:F)
T2

!

Venosus ontumansioctn, KKT (Jlekuyus 6)

T1
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KKT pns 3apgayqn ¢ orpaHuyeHnemM-HepaBeHCTBOM

He SIBASICTCS A0KAaAbHBIM MI/IHI/IMyMOM, T.K. —Vf(.%')
Hal‘[paBAeH BHyTpI) 6IO,ZI,>KeTH01"O MHO>KeCTBa
T2

Y

T1

Zf
—Vf

~Vf(z*) = A\VA(z")
A>0

‘f - {n;‘: Venosus ontumansioctn, KKT (Jlekuyus 6)



B /— min

poiicTenHocTb (Jlekuyus 7)

[OBoiictBenHoctb (Jlekuus 7)

39



[ABoilictBeHHasa 3apadva JlarpaHnxa

[OeoiicTBeHHasn yHkuns:
g\, v) =inf L(z, \, v)

‘f - {ny": poiicTenHocTb (Jlekuyus 7)

40



[ABoilictBeHHasa 3apadva JlarpaHnxa

[OeoiicTBeHHasn yHkuns:
g\, v) =inf L(z, \, v)

[BoiictBeHHan 3apava:

H)l\an()\,V) st. A>0

‘f - 5“4}‘3 poiicTenHocTb (Jlekuyus 7)
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[ABoilictBeHHasa 3apadva JlarpaHnxa

[OeoiicTBeHHasn yHkuns:
g\, v) =inf L(z, \, v)

[BoiictBeHHan 3apava:

H)l\an()\,V) st. A>0

Cnabas pBoiicteeHHocTb: d* < p* (Bcerpa)

‘f - 5“4}‘} poiicTenHocTb (Jlekuyus 7)

40



[ABoilictBeHHasa 3apadva JlarpaHnxa

[OeoiicTBeHHasn yHkuns:
g\, v) =inf L(z, \, v)

[BoiictBeHHan 3apava:
n)l\axg()\, v) st. A>0
N4

Cnabas pBoiicteeHHocTb: d* < p* (Bcerpa)

CunbHas aBoiicTBeHHOCTb: d* = p* (Npu ycnosusix perynsipHocTu)

‘f - 5‘5}‘3 poiicTenHocTb (Jlekuyus 7)

40



Ycnosue Cneiitepa

Ycnosue Cneiitepa: CyuiecteyeT T Takoe, 4To:

® ¢,(Z) < 0 pnst Bcex i (CTporoe HepaBEHCTBO)

‘f - 5“4}‘3 poiicTenHocTb (Jlekuyus 7)

41



Ycnosue Cneiitepa

Ycnosue Cneiitepa: CyuiecteyeT T Takoe, 4To:

® ¢,(Z) < 0 pnst Bcex i (CTporoe HepaBEHCTBO)
® h;(Z) =0 ans scex j

‘f - 5“4}‘3 poiicTenHocTb (Jlekuyus 7)

41



Ycnosue Cneiitepa

Ycnosue Cneiitepa: CyuiecteyeT T Takoe, 4To:

® ¢,(Z) < 0 pnst Bcex i (CTporoe HepaBEHCTBO)
® h;(Z) =0 ans scex j

‘f - 5“4}‘3 poiicTenHocTb (Jlekuyus 7)

41



Ycnosue Cneiitepa

Ycnosue Cneiitepa: CyuiecteyeT T Takoe, 4To:

® ¢,(Z) < 0 pnst Bcex i (CTporoe HepaBEHCTBO)
® h;(Z) =0 ans scex j

Teopema: [ Bbinykioi 3aga4qu npu BbinoaHeHun yciosus CneiiTepa BbINOSHAETCS CUiibHash ABONCTBEHHOCTb.

poiicTenHocTb (Jlekuyus 7) DO

41



Ycnosue Cneiitepa

Ycnosue Cneiitepa: CyuiecteyeT T Takoe, 4To:

® ¢,(Z) < 0 pnst Bcex i (CTporoe HepaBEHCTBO)
® h;(Z) =0 ans scex j

Teopema: [ Bbinykioi 3aga4qu npu BbinoaHeHun yciosus CneiiTepa BbINOSHAETCS CUiibHash ABONCTBEHHOCTb.

BaxHo: [lgolicteeHHast dyHkums g(A, ) Bcerpaa BorHyTasi, ABOCTBEHHAs 3aa4a — BCErAa BbiNyKas.

poiicTenHocTb (Jlekuyus 7) DO

41



,D,ByXCTOPOHHee pa36we|-|v|e: CuJibHaA ABOﬁCTBeHHOCTb ana HeBbll'IyKﬂOFI 3agayvdun

.-1—.
‘.\ll.)' é } ‘\.\II."
X X

‘f - ?,1;2 poiicTenHocTb (Jlekuyus 7) D0 0



B /— min

JNuneiinoe nporpammuposanue (Jlekuns 8)

JNuneiinoe nporpammuposanue (Jlekuus 8)

13



3apaua LP

CranpaptHasa copma:

‘f — min
Tz

JNuneiinoe nporpammuposanue (Jlekuus 8)

¢T2 — min

s.t.

Axr=b, x>0

44



3apaua LP

CranpaptHasa copma:
cTe - min st. Az=b, 2>0

KanoHnuuyeckas cdopma:
¢Tr 5>min st. Az <b

‘f - 5‘5}‘3 JNuneiinoe nporpammuposanue (Jlekuus 8)



3apaua LP

CranpaptHasa copma:
cTe - min st. Az=b, 2>0

KanoHnuuyeckas cdopma:
¢Tr 5>min st. Az <b

CsoiicrBa:

® [lonycTUMOe MHOXECTBO — noimdap (BbINyKbIli MHOrOrpaHHMK)

‘f - 5‘5}‘3 JNuneiinoe nporpammuposanue (Jlekuus 8)

44



3apaua LP

CranpaptHasa copma:
cTe - min st. Az=b, 2>0

KanoHnuuyeckas cdopma:
¢Tr 5>min st. Az <b
CsoiicrBa:

® [lonycTUMOe MHOXECTBO — noimdap (BbINyKbIli MHOrOrpaHHMK)
® OnTuMyM JOCTWraeTcst B BEPLUMHE MOMUSAPA

JNuneiinoe nporpammuposanue (Jlekuus 8)

44



3apaua LP

CranpaptHasa copma:
cTe - min st. Az=b, 2>0

KanoHnuuyeckas cdopma:
¢Tr 5>min st. Az <b

CsoiicrBa:

® [lonycTUMOe MHOXECTBO — noimdap (BbINyKbIli MHOrOrpaHHMK)
® OnTuMyM JOCTWraeTcst B BEPLUMHE MOMUSAPA
® PelueHne: CUMMNIEKC-METO, NAN METOALI BHYTPEHHER TOYKN

JNuneiinoe nporpammuposanue (Jlekuus 8)

44



Cumnnekc-metop, (vaes)

1. Haunnaem c basucHoro gonycTumoro petuexusi (BepLUMHbI)

‘f - §ny“: JNuneiinoe nporpammuposanue (Jlekuus 8)

45



Cumnnekc-metop, (vaes)

1. HaumHaem c 6a3sncHoro fonycTumoro pelueHnsi (BepLumnHbl)
2. Haxogum ynydwatouiee HanpasieHue Baosb pebpa

‘f - m}‘l JNuneiinoe nporpammuposanue (Jlekuus 8)

45



Cumnnekc-metop, (vaes)

1. HaumHaem c 6a3sncHoro fonycTumoro pelueHnsi (BepLumnHbl)
2. Haxogum ynydwatouiee HanpasieHue Baosb pebpa
3. lNepexoaum Kk cocenHeli BepLumHe

‘f - 5“4}‘3 JNuneiinoe nporpammuposanue (Jlekuus 8)

45



Cumnnekc-metop, (vaes)

Haunnaem c 6asucHoro gonyctumoro petenust (BepLinHbl)
Haxogum ynydwatowiee Hanpasnenne Baonb pebpa
Mepexoaum k cocenHeli BeplumHe

MoBTopsieM [0 AOCTMXXEHUSI ONTUMYMa

il o

‘f - 5‘5}‘3 JNuneiinoe nporpammuposanue (Jlekuus 8)

45



Cumnnekc-metop, (vaes)

Haunnaem c 6asucHoro gonyctumoro petenust (BepLinHbl)
Haxogum ynydwatowiee Hanpasnenne Baonb pebpa
Mepexoaum k cocenHeli BeplumHe

MoBTopsieM [0 AOCTMXXEHUSI ONTUMYMa

il o

‘f - 5‘5}‘3 JNuneiinoe nporpammuposanue (Jlekuus 8)
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Cumnnekc-metop, (vaes)

Haunnaem c 6asucHoro gonyctumoro petenust (BepLinHbl)
Haxogum ynydwatowiee Hanpasnenne Baonb pebpa
Mepexoaum k cocenHeli BeplumHe

MoBTopsieM [0 AOCTMXXEHUSI ONTUMYMa

il o

CnoxHocTb:

B Xyawem cny4dae 3KCnoHeHunanbHas

‘f - 5‘5}‘3 JNuneiinoe nporpammuposanue (Jlekuus 8)

45



Cumnnekc-metop, (vaes)

Haunnaem c 6asucHoro gonyctumoro petenust (BepLinHbl)
Haxogum ynydwatowiee Hanpasnenne Baonb pebpa
Mepexoaum k cocenHeli BeplumHe

MoBTopsieM [0 AOCTMXXEHUSI ONTUMYMa

il o

CnoxHocTb:

® B xyaleMm ciy4yae 3KCMNOHEHLManbHast
® Ha npakTuke 0bbidHo O(m) utepaunii

‘f - 5‘5}‘3 JNuneiinoe nporpammuposanue (Jlekuus 8)

45



Cumnnekc-metop, (vaes)

Haunnaem c 6asucHoro gonyctumoro petenust (BepLinHbl)
Haxogum ynydwatowiee Hanpasnenne Baonb pebpa
Mepexoaum k cocenHeli BeplumHe

MoBTopsieM [0 AOCTMXXEHUSI ONTUMYMa

il o

CnoxHocTb:

® B xyaleMm ciy4yae 3KCMNOHEHLManbHast
® Ha npakTuke 0bbidHo O(m) utepaunii
® LP paspelwnma 3a noanHoMuanbHoe Bpems (METOLbl BHYTPEHHER TOuKM)

JNuneiinoe nporpammuposanue (Jlekuus 8)

45



B /— min

eoiicTennocts B LP (Jlekuyus 9)

[OBoiictBenHocts B LP (Jlekuus 9)

6



Mpamas n gBoiictBeHHas 3agaqu LP

Mpsimasa 3apava:
¢’z — min

‘f - iny": eoiicTennocts B LP (Jlekuyus 9)

s.t.

Azx <b

47



Mpamas n gBoiictBeHHas 3agaqu LP

Mpsimasa 3apava:
¢’z — min

[BoiicTBeHHan 3agava:

bTy — max s.t.

‘f - Pﬂvu: eoiicTennocts B LP (Jlekuyus 9)

st. Arxr <b

ATy =c,y>0

47



Mpamas n gBoiictBeHHas 3agaqu LP

Mpsimasa 3apava:
¢fr 5>min st. Az <b

[OsoiicteenHas 3agava:
by - max st. ATy=c, y>0

Cunbhas geoiicteeHHOCTb anst LP: Ecnn npsamasi 3agava nmeeT peluerune, To ABONCTBEHHAsS TOXeE, U T = bTy*.

‘f - 5“4}‘} eoiicTennocts B LP (Jlekuyus 9) P00 O

47



Teopema 0 MakCMManbHOM NOTOKE U MUHUMAJIbLHOM pa3pese

Max-flow min-cut: B 3agaye o makcnmanbHoM s-t noToke B ceTu:

MakcumanbHblii s-t notok = MuHnManbHasi NPoNycKHast CNOCOBHOCTbL S-t pa3pesa

‘f - Pﬂvu: eoiicTennocts B LP (Jlekuyus 9)

8



Teopema 0 MakCMManbHOM NOTOKE U MUHUMAJIbLHOM pa3pese

Max-flow min-cut: B 3agaye o makcnmanbHoM s-t noToke B ceTu:

MakcumanbHblii s-t notok = MuHnManbHasi NPoNycKHast CNOCOBHOCTbL S-t pa3pesa

70 cneacTeme cusbHoli asoiicteeHHocTn LP!

‘f - 5“4}‘3 eoiicTennocts B LP (Jlekuyus 9)

48



FeomeTpus nuHeHoro nporpamMmmupoBaHus

B = {1, 3}— Heaonycrumsii 6asuc
T2

0 1
B = {4,5}— Aonyctumptit Gazuc

‘f - 5“4}‘} eoiicTennocts B LP (Jlekuyus 9)



MakcumanbHbiii NOTOK B CETU
/@iﬂ

‘f - 5“4}‘} eoiicTennocts B LP (Jlekuyus 9)

50



Ckopoctb cxopumoctu (Jlekums 10)

‘f - ,l;n;l} CkopocTb cxogumoctu (Nlekums 10)



Knaccudmkaumsa ckopocreit cxogumocTtun

MocnepoBaTenbHOCTb {T,} CXOAUTCS K T* CO CKOPOCTbIO:

‘f - iny": CkopocTb cxogumoctu (Nlekums 10)

52



Knaccudmkaumsa ckopocreii cxogmmocTtu

MocnepoBaTenbHOCTb {T,} CXOAUTCS K T* CO CKOPOCTbIO:

Cy6nuneiinas: ||z, —2*| < O(1/k%), a >0

‘f - fny": CkopocTb cxogumoctu (Nlekums 10)

52



Knaccudmkaumsa ckopocreii cxogmmocTtu

MocnenosaTensHocTs {1} cxoanTcs K T* CO CKOPOCTLIO:
Cy6nuneiinas: ||z, —2*| < O(1/k%), a >0

Nuueiinas (reomerpuueckas): |z, — z*| < gz, — «*|

‘f - m}‘l CkopocTb cxogumoctu (Nlekums 10)

. q€(0,1)

52



Knaccudmkaumsa ckopocreii cxogmmocTtu

MocnepoBaTenbHOCTL { T} CXOANTCSA K T* CO CKOPOCTbIO:
Cy6nuneiinas: ||z, —2*| < O(1/k%), a >0
Nuueiinas (reomerpuueckas): |z, — z*| < gz, — «*|

PR B [z =" _
Cynepauneiivas: lim, Terma T = 0

‘f - 5“4}‘3 CkopocTb cxogumoctu (Nlekums 10)

. q€(0,1)

52



Knaccudmkaumsa ckopocreii cxogmmocTtu

MocnepoBaTenbHOCTL { T} CXOANTCSA K T* CO CKOPOCTbIO:

Cy6nuneiinas: ||z, —2*| < O(1/k%), a >0

Nuueiinas (reomerpuueckas): |z, — z*| < gz, — «*|
leea—="l _ g

Cynepauneiivas: lim, Ter—=7]

Keagpatnunas: |z, —2*|| < C|z;, — z*|?

‘f - 5‘5}‘3 CkopocTb cxogumoctu (Nlekums 10)

. q€(0,1)

52



OpHomepHbIi nonck

Metogbl ogHOMEpHOIT oNnTUMK3aLMK:

® [nxotomus (bucekums)

‘f - 5“4}‘3 CkopocTb cxogumoctu (Nlekums 10)

53



OpHomepHbIi nonck

Metogbl ogHOMEpHOIT oNnTUMK3aLMK:

® [nxotomus (bucekums)
® MeTop 3010TOrO Cce4eHus

‘f - 5‘5}‘3 CkopocTb cxogumoctu (Nlekums 10)

53



OpHomepHbIi nonck

Metogbl ogHOMEpHOIT oNnTUMK3aLMK:

® [nxotomus (bucekums)
® MeTop 3010TOrO Cce4eHus
® Metog napabon

‘f - 5‘5}‘3 CkopocTb cxogumoctu (Nlekums 10)

53



OpHomepHbIi nonck

Metogbl ogHOMEpHOIT oNnTUMK3aLMK:

® [nxotomus (bucekums)
® MeTop 3010TOrO Cce4eHus
® Metog napabon

‘f - 5‘5}‘3 CkopocTb cxogumoctu (Nlekums 10)

53



OpHomepHbIi nonck

Metogbl ogHOMEpHOIT oNnTUMK3aLMK:

® [nxotomus (bucekums)
® MeTop 3010TOrO Cce4eHus
® Metog napabon

Ycnosus Bonbde (a5 Boibopa wara):

L Armijo: f(zy + ady) < f(z}) + c; oV f(2y), dy)

rne 0 <c; <cy <1

‘f - 5‘5}‘3 CkopocTb cxogumoctu (Nlekums 10)

53



OpHomepHbIi nonck

Metogbl ogHOMEpHOIT oNnTUMK3aLMK:

® [nxotomus (bucekums)
® MeTop 3010TOrO Cce4eHus
® Metog napabon

Ycnosus Bonbde (a5 Boibopa wara):
L Armijo: f(zy + ady) < f(z}) + c; oV f(2y), dy)
2. Kpususna: (V f(z), + ady), dy) > o(V f(xy), dy)
rne 0 <c; <cy <1

‘f - 5‘5}‘3 CkopocTb cxogumoctu (Nlekums 10)

53



3apaya (ckopocTu cxoammocTu)

1) CybrpagunenThbii metog, f oinykna, |0f(z)]y, < G

1 HanuwuTte acuMnTOTNYECKYIO BEPXHIOK OLEHKY YMCia uTepaunii ans goctuxenns f(z) — f* < e

‘f - iny"; CkopocTb cxogumoctu (Nlekums 10)
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3apaya (ckopocTu cxoammocTu)

1) Cybrpagunenthbiii metog, f Boinykna, [0f(z)|, < G
2) TpagueHTHbIli cnyck, f L-rnagkas n [-CUabHO BbINyKNa

1 HanuwunTte acumMnTOTNYECKYIO BEPXHIOI OLIEHKY YUCAA UTepaLil A8 JOCTUXKEHUS flz)—f*<e:

‘f - iny": CkopocTb cxogumoctu (Nlekums 10)
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3apaya (ckopocTu cxoammocTu)

1) CybrpagunenThbii metog, f oinykna, |0f(z)]y, < G
2) TpagueHTHbiid cnyck, f L-rnagkas n p-CUAbHO Bbinyka
3) Heavy Ball gns p-cunsHo Bbinyk/ioii KBagpaTUHHOR dyHKLMN

1 HanuwunTte acumMnTOTNYECKYIO BEPXHIOI OLIEHKY YUCAA UTepaLil A8 JOCTUXKEHUS flz)—f*<e:

‘f - iny": CkopocTb cxogumoctu (Nlekums 10)
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3apaya (ckopocTu cxoammocTu)

1) CybrpagunenThbii metog, f oinykna, |0f(z)]y, < G

2) TpagueHTHbiid cnyck, f L-rnagkas n p-CUAbHO Bbinyka

3) Heavy Ball gns p-cunsHo Bbinyk/ioii KBagpaTUHHOR dyHKLMN
4) MeTog AnXOTOMUN /it YHUMOAALHOMN (hyHKLNN

1 HanuwunTte acumMnTOTNYECKYIO BEPXHIOI OLIEHKY YUCAA UTepaLil A8 JOCTUXKEHUS flz)—f*<e:

‘f - fny": CkopocTb cxogumoctu (Nlekums 10)
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3apaya (ckopocTu cxoammocTu)

1) CybrpagunenThbii metog, f oinykna, |0f(z)]y, < G

2) TpagueHTHbiid cnyck, f L-rnagkas n p-CUAbHO Bbinyka

3) Heavy Ball gns p-cunsHo Bbinyk/ioii KBagpaTUHHOR dyHKLMN
4) MeTog AnXOTOMUN /it YHUMOAALHOMN (hyHKLNN

1 HanuwunTte acumMnTOTNYECKYIO BEPXHIOI OLIEHKY YUCAA UTepaLil A8 JOCTUXKEHUS flz)—f*<e:

‘f - fny": CkopocTb cxogumoctu (Nlekums 10)
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3apaya (ckopocTu cxoammocTu)

1) CybrpagunenThbii metog, f oinykna, |0f(z)]y, < G

2) TpagueHTHbiid cnyck, f L-rnagkas n p-CUAbHO Bbinyka

3) Heavy Ball gns p-cunsHo Bbinyk/ioii KBagpaTUHHOR dyHKLMN
4) MeTog AnXOTOMUN /it YHUMOAALHOMN (hyHKLNN

i Hanuwnre ACUMNTOTUYECKYIO BEPXHIOIO OLEHKY Ymcna utepaunii ans goctkerns f(z) — f* < e:

Pewenne:

1) N = 0(1/€?) — cybnuneiinas

‘f - Pﬂlel CkopocTb cxogumoctu (Nlekums 10)
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3apaya (ckopocTu cxoammocTu)

1) CybrpagunenThbii metog, f oinykna, |0f(z)]y, < G

2) TpagueHTHbiid cnyck, f L-rnagkas n p-CUAbHO Bbinyka

3) Heavy Ball gns p-cunsHo Bbinyk/ioii KBagpaTUHHOR dyHKLMN
4) MeTog AnXOTOMUN /it YHUMOAALHOMN (hyHKLNN

i Hanuwnre ACUMNTOTUYECKYIO BEPXHIOIO OLEHKY Ymcna utepaunii ans goctkerns f(z) — f* < e:

Pewenne:

1) N = 0(1/€?) — cybnuneiinas
2) N = 0O(rlog(1/e)) — nuneiinas

‘f - m}‘: CkopocTb cxogumoctu (Nlekums 10)
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3apaya (ckopocTu cxoammocTu)

1) CybrpagunenThbii metog, f oinykna, |0f(z)]y, < G

2) TpagueHTHbiid cnyck, f L-rnagkas n p-CUAbHO Bbinyka

3) Heavy Ball gns p-cunsHo Bbinyk/ioii KBagpaTUHHOR dyHKLMN
4) MeTog AnXOTOMUN /it YHUMOAALHOMN (hyHKLNN

i Hanuwnre ACUMNTOTUYECKYIO BEPXHIOIO OLEHKY Ymcna utepaunii ans goctkerns f(z) — f* < e:

Pewenne:

1) N = 0(1/€?) — cybnuneiinas
2) N = 0O(rlog(1/e)) — nuneiinas
3) N = 0O(y/klog(1/e)) — yckopeHHas nuneiiHas

‘f - m}‘: CkopocTb cxogumoctu (Nlekums 10)
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3apaya (ckopoctu cxo,u,mmo}} Mﬂog 8(1)@0.1&(“,\,

CxeCs, MEOY Fongoto s (- LIV E
NAMEAHO atoy  netpadon., weagpron. sEARCH

1 HanuwnTte acymnToTMUECKYIO BEPXHIOO oueHKy qucna utepaunii ans goctmkenus f(x) — f* <e:
."/. L i B W e =, lg.,‘,
2) TpagueHTHbiid cnyck, f L-rnafgkas n p-CUabHO Bbinyka

3) Heavy Ball gns p-cunsHo Bbinyk/ioii KBagpaTUHHOR dyHKLMN
4) MeTog ANXOTOMMUN NS YHUMOZANBHON hyHKLMN \

[/

1 & \
2) N = 0O(rlog(1/e)) — nuneiinas {
3) N = 0O(y/klog(1/e)) — yckopeHHas nuteiiHas

N = O(log(1/e)) — norapudpmnyeckas
QART %MUTO

I\XK - X(u,q L c 3
= - :) Q
‘f - 5“3‘3 CkopocTb cxogumoctu (Nlekums 10) a a /k— = Q%é§




(,U“' oeh-To Ve Cx- Awalhlo KK H(jl\\-o

7O vonto Ve Haob % Q> opCIUIHUY

& -t HoCy |

Aub.

papguenTtHbIv cnyck (Jlekuuas

‘f - 5“3‘3 IpagvenTHbIi cnyck (Jlekuns 11) DO



C&ém.u&kc@; (o = {1 - £

4
= > =
=

FpapgvenTHbiii cnyck (Jlekuyusa 11)
-3 -9
F— b~ —= &=1I0

% 9
k. = |0 —> k=10

‘f - iny": IpagvenTHbiii cnyck (Nlekums 11) P00 O 55



MeTOA rpagneHTHOro cnycka

B /— min

IpagvenTHbiii cnyck (Slekums 11)

Try1 = T — a,V f(zy)

56



MeTog rpagueHTHOro cnycka

Ty = T — .V f(2y)

I'Ipma:%:

Teopema |(cxogumocTs ansa L-rnagkux Bbinyknbix yHKLMiG): - ~
¢y EAUHEU ub’l

L|zo — *|?

fla) — g < Mo c ~ O(é’

‘f - 5‘5}‘3 IpagvenTHbiii cnyck (Nlekums 11)



MeTog rpagueHTHOro cnycka (\deQ X P(K
. ecam K6 — bonyhg o
£6 Allxil, - cwreno

%nyk‘\%1 =), — a;,Vf(z) (Sb\n
Teopema (cxogumoctb Ans L-rnagkux Boinykabix yHKLUURA):

I'Ipma:%:

Llzo — 2*|

e NGO

Teopema |(cxoanMOCTb AN CUNBHO BbINYKbIX (OYHKLNIA): MQ&W\( %‘ n

_ 1 .
Mpu o = L ANA [1-CUNBHO BBINYKABIX:

‘f - 5‘1}‘3 IpagvenTHbiii cnyck (Nlekums 11) P00 O 56



3apaya (rpaguentHbiin cnyck ans Ridge perpeccun)

: Ar — 2 2
min Az —bf; + Az

o
1 Boinuwunre NTEPALNIO rPagUEHTHOINO CNyCKa N OUEHKY CKOPOCTU CXOAUMOCTW ONA:

‘f - iny": IpagvenTHbiii cnyck (Slekums 11)
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3apaya (rpaguentHbiin cnyck ans Ridge perpeccun)

: Ar — 2 2
min Az —bf; + Az

o
1 Boinuwunre NTEPALNIO rPagUEHTHOINO CNyCKa N OUEHKY CKOPOCTU CXOAUMOCTW ONA:

Pewenne: Vf(x) = 2(ATA+ X))z —2ATb

‘f - {n;‘: IpagvenTHbiii cnyck (Slekums 11)

57



3apaya (rpaguentHbiin cnyck ans Ridge perpeccun)

: Ar — 2 2
min Az —bf; + Az

o
1 Boinuwunre NTEPALNIO rPagUEHTHOINO CNyCKa N OUEHKY CKOPOCTU CXOAUMOCTW ONA:

Pewenne: Vf(x) = 2(ATA+ X))z —2ATb

Ty = 2, — [(ATA + M)y, — ATD]

‘f - nin IpagvenTHbiii cnyck (Nlekums 11)
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3apaya (rpaguentHbiin cnyck ans Ridge perpeccun)

: Ar — 2 2
min Az —bf; + Az

i Beinuwure NTEPALNIO rPagUEHTHOINO CNyCKa N OUEHKY CKOPOCTU CXOAUMOCTW ONA:

Pewenne: Vf(x) = 2(ATA+ X))z —2ATb

Ty = 2, — [(ATA + M)y, — ATD]

e — A (ATA)EA
Hucno obycnoeneHHocTn: K = 3 (AT A)TA

min

k
CkopocTb cxopumoctu: ||z, — ™| < (Z;Ji) xg — x|

‘f - nin IpagvenTHbiii cnyck (Nlekums 11)
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- % N X’@
TWnblCKOpOCTEM(XOHMMOCTM "4

Error rate upper bound

B /— min

10° 4 : —— Sublinear, a = -7

—— Superlinear, g = 0.9

1072 1 —— Linear,q=0.5

104 - Quadratic, g = 0.9

10—6 4

10—8 ]

1010 - N . :

10_12 T 1 1 I

0 10 20 (30 40

Nu bg_\rg)#ﬂ ration, k

IpagvenTHbiii cnyck (Nlekums 11)

k= "\(k" xf“
= |§)-%)
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Ycnosus Bonbde

Flay) @ () — e[V (z)]3

0 Looat o/

‘f - ,l;‘?;ll IpagvenTHbIi cnyck (Jlekuns 113‘ ~
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BnusHue 4ucna 06yCJ'IOBJ'IeHHOCTI/| Ha I'pa,D,l/IeHTHbIFI CnyckK

x=1.0 x=100.0

41 4 1

2 2

>r<\‘ 0 >f<“ 0
—2 - —2 4
—4 —4 A

-4 -2 0 2 4 -4 -2 0 4
X1 X1

‘f - iny": IpagvenTHbiii cnyck (Slekums 11)



o
KN
K g
G\ N

GRT. T ¥

CEAN

A

KA "

WAl

| hags

| e

X/___
5
QO%L>
’o’i/
2 l/ T ﬁ);gx)
Mo | \O((;>
?6?\
NAG:
/

A/e'

adient
Gr




Hun>xHue oueHkn ons MeTogoB NepBOro nopsiaka

Teopema (Hectepos): [Jns noboro metopa nepBoro nopsifka CyLiecTeyer L-rnafgkasi y-CuibHO Bbinykaas (yHKLus

TaKasA, 4TO:
2k

fen =12 () leo-a?

‘f - m}‘: HwxHue oueHkn n yckopenne (Jlekums 12) P00 O
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Hun>xHue oueHkn ons MeTogoB NepBOro nopsiaka

Teopema (Hectepos): [Jns noboro metopa nepBoro nopsifka CyLiecTeyer L-rnafgkasi y-CuibHO Bbinykaas (yHKLus

TaKasA, 4TO:
2k

fen =12 () leo-a?

Cpashute ¢ GD: (1 - %)k VS onTuMaJsibHoe (1 — %)k

‘f - 5“4}‘3 HwxHue oueHkn n yckopenne (Jlekums 12) P00 O

62



YckopeHHbIii FpagueHTHbli metog Hecteposa

k—1
Y = Tp + m(xk —Tj_q)

1
Tpp1 = Y — va(yk)

‘f - iny"; HwxHue oueHkn n yckopenne (Jlekums 12)
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YckopeHHblii rpaguedTHbiii meTog HectepoBa

Y = Ty, + m(xk —Tj_q)
1
Tpp1 = Y — va(yk)

Teopema: [nsi L-rnagknx BbiNyKbix OyHKLNIA:

2Lz — 2|

flag) = f < (k+1)

‘f - fny": HwxHue oueHkn n yckopenne (Jlekums 12)
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YckopeHHblii rpaguedTHbiii meTog HectepoBa

Y = Ty, + m(xk —Tj_q)
1
Tpp1 = Y — va(yk)

Teopema: [nsi L-rnagknx BbiNyKbix OyHKLNIA:

2Lz — 2|

flag) = f < (k+1)

DT0 ONTUManbHast CKOPOCTb A/ METOAOB NepBoro nopsigkal

‘f - 5“4}‘3 HwxHue oueHkn n yckopenne (Jlekums 12)
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Mertop, Taxénoro wapuka (Heavy Ball)

Tpyy = 2 — AV f(xy) + B(ay, — 1)

‘f - ,{n;l} HwxHue oueHkn n yckopenne (Jlekums 12)
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Mertop, Taxénoro wapuka (Heavy Ball)

Tpyy = 2 — AV f(xy) + B(ay, — 1)

OnTtumanbHbie NapameTpbl 4Jis KBaAPaTUYHbIX DYHKLNI:

2

‘f - Pﬂlel HwxHue oueHkn n yckopenne (Jlekums 12)
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3apaya (Heavy Ball)

Ons f(z) = 322 (A >0, x € R) u Heavy Ball 2, = 2, — aV f(z},) + B(z), — 2)_y):

T T
1) 3anuwuTe uTepauuio B MaTPUYHOM Buge ;*1 =T (x k
k k—1

B /— min

HwxHue oueHkn n yckopenne (Jlekums 12)
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3apaya (Heavy Ball)

Ons f(z) = 322 (A >0, x € R) u Heavy Ball 2, = 2, — aV f(z},) + B(z), — 2)_y):

Tt1) —p( Tk
k L1
2) Mpn a = 1/ naiigute cobcraennble yncna 1T'. Mpu kakux 3 meton cxopntes?

1) 3anuwmTe nTepayno B MaTpn4HoOM Buae

B /— min

HwxHue oueHkn n yckopenne (Jlekums 12)
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3apaya (Heavy Ball)

Ons f(z) = 322 (A >0, x € R) u Heavy Ball 2, = 2, — aV f(z},) + B(z), — 2)_y):

Tt1) —p( Tk
k L1
2) Mpn a = 1/ naiigute cobcraennble yncna 1T'. Mpu kakux 3 meton cxopntes?

1) 3anuwmTe nTepayno B MaTpn4HoOM Buae

B /— min

HwxHue oueHkn n yckopenne (Jlekums 12)

65



3apaya (Heavy Ball)

i [na f(z) = 322 (A >0, 2 € R) n Heavy Ball 2, = 2, — aV f(z;) + Bz, — 741 ):
Tt1) —p( Tk

k L1
2) Mpn a = 1/ naiigute cobcraennble yncna 1T'. Mpu kakux 3 meton cxopntes?

1) 3anuwuTe uTepauuio B MaTPUYHOM Buge

Pewenwe: 1)T:(1_a1)‘+ﬁ _()ﬁ) ﬂpmazl/A:T:(f _Oﬁ>

‘f - iny": HwxHue oueHkn n yckopenne (Jlekums 12)
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3apaya (Heavy Ball)

Tt1) —p( Tk
k L1
2) Mpn a = 1/ naiigute cobcraennble yncna 1T'. Mpu kakux 3 meton cxopntes?

1) 3anuwuTe uTepauuio B MaTPUYHOM Buge

i Ons f(z) = %$2 (A>0, z € R) w Heavy Ball z; , =z, — aV f(z,) + Bz, — 1)

Pewenwe: 1)T:(1_a1)‘+ﬁ _()ﬁ) ﬂpmazl/A:T:(f _Oﬁ>

B+ B2—48
2

2) XapaKTepucTn4eckoe ypasHeHue: r2 — Br+4 =0, oTkyaa T2 =

Venosue cxogumoctu |1y 5| < 1 einonxsercs npn —3 < 3 < 1.

‘f - Pﬂlel HwxHue oueHkn n yckopenne (Jlekums 12)
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B /— min

Metopa conpsixéntbix rpaguenTtos (Jlekuus 13)

MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

66



Npea metopa

[ns ksagpaTuyHoli dpyrkumn f(z) = %xTAx —bTz, A 0:

‘f - fny": MeTog conpsixkéHHbix rpagueHTos (Jlekuus 13)
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Npea metopa

Ons keagpaTuuHoli doyHkuyun f(x) = %xTAx —bTz, A 0:

A-conps>k€HHOCTb (OPTOroHaNbHOCTB):

<dz‘vdj>A = diTAdj =0 prai#j

‘f - 5“4}‘} MeTog conpsixkéHHbix rpagueHTos (Jlekuus 13)
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Npea metopa

Ons keagpaTuuHoli doyHkuyun f(x) = %xTAx —bTz, A 0:

A-conps>k€HHOCTb (OPTOroHaNbHOCTB):

<dz‘vdj>A = diTAdj =0 pnai#j

Teopema: MeTon conpsixx@HHbLIX rPaiMeHTOB CXOANTCA He Bonee 4emM 3a 1 MTepaumii Ans KBagpaTUHHoOl yHKUNM
B R™.

‘f - 5‘1}‘3 MeTog conpsixkéHHbix rpagueHTos (Jlekuus 13) P00 O
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ANropntm CONpsi>XéHHbIX rPagnNeHToOB

1. rg=b— Az, dy =1,

‘f - ,{n;l} MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)
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ANropntm CONpsi>XéHHbIX rPagnNeHToOB

1. rg=b— Az, dy =1,
2. Ona k=0,1,...:

‘f - iny"; MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

68



ANropntm CONpsi>XéHHbIX rPagnNeHToOB

1l.rg=b—Axy dy =1,

2. Ona k=0,1,...:
TTT

° o, = kK

k= al Ady,

‘f - iny"} MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

68



ANropntm CONpsi>XéHHbIX rPagnNeHToOB

1l.rg=b—Axy dy =1,
2. Ona k=0,1,...:
TTT
° o, = k"k
k= al Ady,
® Tpy =T+ apdy

MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

B /— min

68



ANropntm CONpsi>XéHHbIX rPagnNeHToOB

1l.rg=b—Axy dy =1,

2. Ona k=0,1,...:
TTT

° o, = kK

k= al Ady,

® Tpyq =T+ ogdy,
® Ty =T — o Ady

‘f - iny"} MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

68



Anroputm conpsi>KéHHbIX rpagneHToB

1l.rg=b—Axy dy =1,

2. Ona k=0,1,...:
TTT

° o, = kK

k™ 4T Ady,

® Tpyq =T+ ogdy,
® Ty =Tp — o Ady

T
° B, = Tht1Tk+1
k T%’r‘k

‘f - iny"} MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

68



Anroputm conpsi>KéHHbIX rpagneHToB

1l.rg=b—Axy dy =1,
2. Ona k=0,1,...:
° o, — T{Tk
k™ 4T Ady,
® Tpy =T+ apdy
® T =T — pAdy
’I‘T T
° B — Tk41"k+1
k ”‘g’f‘k
® diy1 =T T Brdy

MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

B /— min

68



Anroputm conpsi>KéHHbIX rpagneHToB

1l.rg=b—Axy dy =1,
2. Ona k=0,1,...:
° o, — T{Tk
k™ 4T Ady,
® Tpy =T+ apdy
® T =T — pAdy
’I‘T T
° B — Tk41"k+1
k ”‘g’f‘k
® diy1 =T T Brdy

MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

B /— min

68



Anroputm conpsi>KéHHbIX rpagneHToB

1l.rg=b—Axy dy =1,
2. Ana k=0,1,...:
k™ 4T Ady,
® zp =+ oydy
® Tyl =Tk — o Ady
° ﬁk _ TE+%Tk+1
Tk 'f'k
® diy1 =T T Brdy

Mpenmyuwecrea:
® He HyHO xpaHuTb matpuuy A (Tonbko ymHoxeHne Av)

MeTog conpsixkéHHbix rpagueHTos (Jlekuus 13)

B /— min

68



Anroputm conpsi>KéHHbIX rpagneHToB

1l.rg=b—Axy dy =1,
2. Ana k=0,1,...:
k™ 4T Ady,
® zp =+ oydy
® Tyl =Tk — o Ady
° ﬁk _ TE+%Tk+1
Tk T'k
® diy1 =T T Brdy

Mpenmyuwecrea:
® He HyHO xpaHuTb matpuuy A (Tonbko ymHoxeHne Av)
® [lns paspexetHbix cuctem: O(n) onepaunii Ha uTepaumio

MeTog conpsixkéHHbix rpagueHTos (Jlekuus 13)

‘f — min
Tz

68



Anroputm conpsi>KéHHbIX rpagneHToB

1l.rg=b—Axy dy =1,
2. Ana k=0,1,...:
° a — 7'%—‘7'k
k™ 4T Ady,
® Tpy =T+ apdy
® Ty =1 — g ddy
° Bk _ Tﬂ%rkﬂ
"'k: T'k
® diy1 =T T Brdy

Mpenmyuwecrea:
® He HyHO xpaHuTb matpuuy A (Tonbko ymHoxeHne Av)

® [lns paspexetHbix cuctem: O(n) onepaunii Ha uTepaumio
® Ha npakTtuke cxogutcs GbicTpee, YeM 3a m MTepauuii

MeTog conpsixkéHHbix rpagueHTos (Jlekuus 13)

‘f — min
Tz

68



paguneHTHbIV cnyck vs MeTog Tsxxénoro wapuka

Gradient Descent

$
2_
O_
—2 41
—4 -
——

Heavy Ball

B /— min

MeTog conpsikéHHbix rpagneHTos (Jlekuus 13)

' v
Xa
R | )
A
M%
-2 0 2 4
P00 O 69



YcCKOpeHHbI rpagueHTHbIl MeTop,

Polyak momentum
f(@)

Tg—1

Nesterov momentum
f(z)

Tr—1

‘f - i’,‘,},‘l eTopa coi EHHbIX rpaaneHTos (Jlekuus 13)
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rpap,MEHTHbllll CNycCkK vs |MeTop, COHpﬂ)KeHHbIX rpap,meHToal
Mm
56y = A - B == 50N

Steepest Descent Conjugate Gradient

———————
4_

i
n

4 -2 0 2 4 2 0 2 4'1/
» CxoquaCq WE BONEE em B n \MCU"O@
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Idea of Newton method of root finding

A

Slope ¢'(x1)

ESO(in)

Y

Lr+1 Lk

‘f - 5‘5}‘3 Newton method

Consider the function ¢(z) : R — R.
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Idea of Newton method of root finding

4

\

Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point z;, and find its
root, which will be the new iteration point:

Slope ¢'(z)

o(zx)

Y

Lr+1 LTk

‘f — min
Tz

Newton method
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Idea of Newton method of root finding

Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point z;, and find its
root, which will be the new iteration point:

A

o)

@’(zk) =
Thy1 — L

Slope ¢'(z)

We get an iterative scheme:

p(y) )
o' (xy,)

Thy1 = T —

p(Tk)

Y

Lr+1 LTk

ILiterally we aim to solve the problem of finding stationary points V f(x) = 0
‘fﬁ}fn‘}‘} Newton method @0 O



Idea of Newton method of root finding
A Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point z;, and find its
root, which will be the new iteration point:

o)

@’(zk) =
Thy1 — L

Slope ¢'(z)

We get an iterative scheme:

p(z) )
Which will become a Newton optimization

method in case f'(z) = ¢(z):

Thy1 = T —

Y

0 Lr+1 Lk

ILiterally we aim to solve the problem of finding stationary points V f(x) = 0
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Idea of Newton method of root finding
A Consider the function ¢(z) : R — R.

The whole idea came from building a linear
approximation at the point z;, and find its
root, which will be the new iteration point:

o)

@’(zk) =
Thy1 — L

Slope ¢'(z)

We get an iterative scheme:

p(z) )
Which will become a Newton optimization
method in case f'(z) = ¢(z):

Thy1 = T —

Y

Thy1 = T — [V2f(mk)]_l Vi(zy)

0 Lr+1 Lk

ILiterally we aim to solve the problem of finding stationary points V f(x) = 0
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
function near

‘f - {ny": Newton method L )

75



Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
function near

11(x) = () + (V) 2 — ) + 5 (V2 ) — ), — ).

‘f - {ny": Newton method L )
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
function near

1) = f(o) + (Vo — 2 + 5V () (@ = 2), 0 — 7).

The idea of the method is to find the point x;_;, that minimizes the function fif(m) i.e. Vfii(xkﬂ) = 0.

‘f - m}‘: Newton method QD0
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
function near

1
i,f(x) = flzy) + (Vf(zp), . —xp) + §<V2f($k)(l” —Tp), T — Ty).
The idea of the method is to find the point x;_;, that minimizes the function fif(m) i.e. Vfii(xkﬂ) = 0.

\ zli(karl) = Vf(xy) + V2 fap) (2 —25) =0

‘f - m}‘: Newton method QD0
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
function near

1
i,f(x) = flzy) + (Vf(zp), . —xp) + §<V2f($k)(l” —Tp), T — Ty).
The idea of the method is to find the point x;_;, that minimizes the function fif(m) i.e. Vfii(xkﬂ) = 0.

vlei(xlwrl) =V f(xy) + V2 f(xy)(xpy —x) =0
V2f(37k)($k+1 —ay) = =V f(zy)
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
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The idea of the method is to find the point x;_;, that minimizes the function fif(m) i.e. Vfii(xkﬂ) = 0.
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
function near

1
g{,f(x) = flzy) + (Vf(zp), . —xp) + §<V2f($k)(l” —Tp), T — Ty).
The idea of the method is to find the point x;_;, that minimizes the function fif(m) i.e. Vfii(xkﬂ) = 0.

vfa{,{(karl) = Vf(xy) + V2 fap) (2 —25) =0
V2f(37k)($k+1 - 'Z'k) = *Vf(ﬁvk)
(V2 f ()] V2F () @ — 23) = — [V2f(@)] V()
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
function near

1
g{,f(x) = flzy) + (Vf(zp), . —xp) + §<V2f($k)(l” —Tp), T — Ty).
The idea of the method is to find the point x;_;, that minimizes the function fif(m) i.e. Vfii(xkﬂ) = 0.

vfa{,{(karl) = Vf(xy) + V2 fap) (2 —25) =0
V2f(37k)($k+1 - 'Z'k) = *Vf(ﬁvk)
(V2 f ()] V2F () @ — 23) = — [V2f(@)] V()

1

L1 = T — [sz(xk)]_ Vf(zy)-
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Newton method as a local quadratic Taylor approximation minimizer

Let us now have the function f(x) and a certain point x;,. Let us consider the quadratic approximation of this
function near

1
;’i(m) = flzy) + (Vf(zp), . —xp) + §<V2f($k)(l” —Tp), T — Ty).
The idea of the method is to find the point x;_;, that minimizes the function fif(m) i.e. Vfii(xkﬂ) = 0.

v.lei(karl) = Vf(xy) + V2 fap) (2 —25) =0
V2f(37k)($k+1 - CUk) = *Vf(irk)
(V2 f ()] V2F () @ — 23) = — [V2f(@)] V()

1

L1 = T — [sz(wk)]_ Vf(zy)-

Let us immediately note the limitations related to the necessity of the Hessian's non-degeneracy (for the method to
exist), as well as its positive definiteness (for the convergence guarantee).
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Newton method as a local quadratic Taylor approximation minimizer

f(z)

‘f - nin Newton method
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Newton method as a local quadratic Taylor approximation minimizer

f(z)

4

0 Lr+2 Tk41

‘f - nin Newton method
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Convergence

i Theorem

Let f(z) be a strongly convex twice continuously differentiable function at R"™, for the second derivative of
which inequalities are executed: pl,, < V2f(x) < LI,. Then Newton's method with a constant step locally
converges to solving the problem with superlinear speed. If, in addition, Hessian is M-Lipschitz continuous, then
this method converges locally to z* at a quadratic rate.

‘fﬁ}fn‘}‘} Newton method @0 O
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Convergence

i Theorem
Let f(z) be a strongly convex twice continuously differentiable function at R"™, for the second derivative of
which inequalities are executed: pl,, < V2f(x) < LI,. Then Newton's method with a constant step locally

converges to solving the problem with superlinear speed. If, in addition, Hessian is M-Lipschitz continuous, then
this method converges locally to z* at a quadratic rate.

Proof
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Convergence

i Theorem

Let f(z) be a strongly convex twice continuously differentiable function at R"™, for the second derivative of
which inequalities are executed: pl,, < V2f(x) < LI,. Then Newton's method with a constant step locally
converges to solving the problem with superlinear speed. If, in addition, Hessian is M-Lipschitz continuous, then
this method converges locally to z* at a quadratic rate.

Proof

1. We will use Newton-Leibniz formula
1

V() — V() = /O V2 (2" + rlay — o))y — 2% )dr
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i Theorem

Let f(z) be a strongly convex twice continuously differentiable function at R"™, for the second derivative of
which inequalities are executed: pl,, < V2f(x) < LI,. Then Newton's method with a constant step locally
converges to solving the problem with superlinear speed. If, in addition, Hessian is M-Lipschitz continuous, then
this method converges locally to z* at a quadratic rate.

Proof

1. We will use Newton-Leibniz formula
1

V() — V() = /O V2 (2" + rlay — o))y — 2% )dr

2. Then we track the distance to the solution
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Let f(z) be a strongly convex twice continuously differentiable function at R"™, for the second derivative of
which inequalities are executed: pl,, < V2f(x) < LI,. Then Newton's method with a constant step locally
converges to solving the problem with superlinear speed. If, in addition, Hessian is M-Lipschitz continuous, then
this method converges locally to z* at a quadratic rate.

Proof

1. We will use Newton-Leibniz formula
1

V() — V() = /O V2 (2" + rlay — o))y — 2% )dr

2. Then we track the distance to the solution

iy — " = ap,— V2 ()] V(@) — 2" = 2 — " — [V2f(x,)] VS(ay) =
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Convergence

i Theorem

Let f(z) be a strongly convex twice continuously differentiable function at R"™, for the second derivative of
which inequalities are executed: pl,, < V2f(x) < LI,. Then Newton's method with a constant step locally
converges to solving the problem with superlinear speed. If, in addition, Hessian is M-Lipschitz continuous, then
this method converges locally to z* at a quadratic rate.

Proof

1. We will use Newton-Leibniz formula
1

V() — V() = /O V2 (2" + rlay — o))y — 2% )dr

2. Then we track the distance to the solution

iy — " = ap,— V2 ()] V(@) — 2" = 2 — " — [V2f(x,)] VS(ay) =

=z, — " — [V2f($k)]71 / V2f(x* + 1(x), — ) (), — *)dT
0

‘f - 5“3‘3 Newton method
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Convergence

-1

S—

= (I — [V2f(zy,)] V2f(x* +7(z) — w*))dr) (), — %)

‘f - nin Newton method
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Convergence

‘f - 5“:‘: Newton method
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‘f - m}‘: Newton method
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Convergence

‘f - m}‘l Newton method

= [VQf(xk)rl Gy (zp — %)
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Convergence

= [V2f(z)] " Gylay, —a*)
4. We have introduced: .
Gy = / (V2 f(xy) — V2 f(z* + 7(x), — 2%))dT) .
0

‘f - 5“4}‘3 Newton method



Convergence

5. Let's try to estimate the size of G,

where 7, = ||z, — 2*]|.

‘f - §ny“: Newton method

79



Convergence

5. Let's try to estimate the size of G,

where 7, = ||z, — 2*]|.

‘f - m}‘l Newton method

1Gl =‘

1
/ (V2 f(w) — V2 f(a® + (g — a))dr)
0

<
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Convergence

5. Let's try to estimate the size of G,

1
1G]l = ‘/0 (V2 f(xy,) = V2 f(a" +7(x) — 2%))dr)|| <

1
< / V2 f(zy) — V2 f(a* + 7(z), — 2%))||dT < (Hessian's Lipschitz continuity)
0

where 7, = ||z, — z*|.

L mi
‘f 5‘5}‘3 Newton method
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Convergence

5. Let's try to estimate the size of G,

<

1
1G]l = ‘ /0 (V2 f(xy,) — V2 f(a" +7(x) — x¥))dT)

1
< / V2 f(zy) — V2 f(a* + 7(z), — 2%))||dT < (Hessian's Lipschitz continuity)
0

1 1
g/ M||xk—x*—7'(zk—x*)|\d7':/ M||xk—a:*H(1—T)dT:%kM,
0 0

where 7, = ||z, — z*|.
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Convergence

5. Let's try to estimate the size of G,

<

1
1G]l = ‘ /0 (V2 f(xy,) — V2 f(a" +7(x) — x¥))dT)

1
< / V2 f(zy) — V2 f(a* + 7(z), — 2%))||dT < (Hessian's Lipschitz continuity)
0

1 1
g/ M||xk—a;*—7'(zk—x*)|\d7':/ Mlzy, —a*|(1 = 7)dr = M,
0 0

where 7, = ||z, — z*|.
6. So, we have:

Th1 < H[V2f(5”k)]ilH‘ Tk

M.
o Tk

and we need to bound the norm of the inverse hessian

L mi
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Convergence

7. Because of Hessian's Lipschitz continuity and symmetry:

‘f - m}‘: Newton method
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Convergence

7. Because of Hessian's Lipschitz continuity and symmetry:

V2 f(@y) — V2 f(a*) = —Mr, I,
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Convergence

7. Because of Hessian's Lipschitz continuity and symmetry:
V2 f(zg) = V2 f(a*) = —=Mr, I,

V2 f(zy) = V2f(x*) — Mr,I
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Convergence
7. Because of Hessian's Lipschitz continuity and symmetry:
V2 f(zg) = V2 f(a*) = —=Mr, I,
V2 f(xy) = V2 f(z*) — Mr, I,
VQf(xk) = /’LIn - Mrkjn
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Convergence
7. Because of Hessian's Lipschitz continuity and symmetry:
V2 f(zg) = V2 f(a*) = —=Mr, I,
V2 f(xy) = V2 f(z*) — Mr, I,
V2 f(zy,) = pl, — Mr I,
V2 f(xy) = (n— Mry)I,

L mi
‘f min Newton method
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Convergence
7. Because of Hessian's Lipschitz continuity and symmetry:
V2 f(zg) = V2 f(a*) = —=Mr, I,
V2 f(xy) = V2 f(z*) — Mr, I,
V2 f(zy,) = pl, — Mr I,
V2 f(xy) = (n— Mry)I,

Convexity implies V2 f(x;) > 0, i.e. 7, < 4.

|92 @] < = 2y
T%M
S A= M)
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Convergence
7. Because of Hessian's Lipschitz continuity and symmetry:
V2f(2,) — V2f(a*) = ~Mr,d,
V2 f(xy) = V2 f(z*) — Mr, I,
V2 flag) = pl, — Mr, I,
V2 f(xy) = (n— Mry)I,

Convexity implies V2 f(x;) > 0, i.e. 7, < 4.

|92 @] < = 2y
T%M
S A= M)

8. The convergence condition 7}, ; <, imposes additional conditions on 7, : 1, < %

Thus, we have an important result: Newton's method for the function with Lipschitz positive-definite Hessian

converges quadratically near (|z, — z*| < %) to the solution.

‘fﬁ}fnﬁxl Newton method @0 O
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Affine Invariance of Newton’s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix
A€ R™™, let x = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(z) and V3g(y) = ATV2f(z)A. The
Newton steps on ¢ are expressed as:

Yierr = e — (V29(0) " Valye)
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Affine Invariance of Newton’s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix

A€ R™™, let x = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(z) and V3g(y) = ATV2f(z)A. The
Newton steps on ¢ are expressed as:

—1
e =y — (V29(ur))  Vo(yp)
Expanding this, we get:

Ye+1 = Yr — (ATVQf(Ayk)Afl ATVf(Ayk)
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Affine Invariance of Newton’s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix

A €R™" let x = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(x) and V2g(y) = ATV2f(x)A. The
Newton steps on g are expressed as:

—1
e =y — (V29(ur))  Vo(yp)
Expanding this, we get:
—1
Yrer = Y — (ATV2f(Ay,)A) ~ ATV f(Ay,)
Using the property of matrix inverse (AB)~1 = B~1 A1, this simplifies to:

Ypp1 =Y — A7 (V2f(Ayk))71 Vf(Ayy)

Ayper = Ay, — (V2 f(Agy)) ' VF(Ay)
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Affine Invariance of Newton’s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix

A €R™" let x = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(x) and V2g(y) = ATV2f(x)A. The
Newton steps on g are expressed as:

—1
e =y — (V29(ur))  Vo(yp)
Expanding this, we get:
—1
Yrer = Y — (ATV2f(Ay,)A) ~ ATV f(Ay,)
Using the property of matrix inverse (AB)~1 = B~1 A1, this simplifies to:

Ypp1 =Y — A7 (V2f(Ayk))71 Vf(Ayy)

Ayper = Ay, — (V2 f(Agy)) ' VF(Ay)

Thus, the update rule for z is:
—1
T =, — (V2 f(2y)) V()
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Affine Invariance of Newton’s Method

An important property of Newton's method is affine invariance. Given a function f and a nonsingular matrix

A€ R™™, let x = Ay, and define g(y) = f(Ay). Note, that Vg(y) = ATV f(z) and V3g(y) = ATV2f(z)A. The

Newton steps on g are expressed as:
—1
Y1 = U — (V29(yp)) ~ V()

Expanding this, we get:
-1
Y1 = Yk — (ATVQf(Ayk)I‘U ATV f(Ayy)

Using the property of matrix inverse (AB)~1 = B~1 A1, this simplifies to:

Ypp1 =Y — A7 (V2f(Ayk))71 Vf(Ayy)

—1
Ay = Ayy, — (VQf(Ayk)) V f(Ayy)
Thus, the update rule for z is:
—1
L1 = T — (V2f($k)) Vf(zy)

This shows that the progress made by Newton's method is independent of problem scaling. This property is not
shared by the gradient descent method!

‘f - 5‘5}‘3 Newton method QD0
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Summary

What's nice:

® quadratic convergence near the solution x*
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Summary

What's nice:

® quadratic convergence near the solution x*
® affine invariance
® the parameters have little effect on the convergence rate

What's not nice:

® it is necessary to store the (inverse) hessian on each iteration: @(n?) memory
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Summary

What's nice:

® quadratic convergence near the solution x*
® affine invariance
® the parameters have little effect on the convergence rate

What's not nice:

® it is necessary to store the (inverse) hessian on each iteration: @(n?) memory
® it is necessary to solve linear systems: (9(n?) operations
® the Hessian can be degenerate at z*
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Summary

What's nice:

® quadratic convergence near the solution x*
® affine invariance
® the parameters have little effect on the convergence rate

What's not nice:

® it is necessary to store the (inverse) hessian on each iteration: @(n?) memory
® it is necessary to solve linear systems: (9(n?) operations

® the Hessian can be degenerate at z*
e the hessian may not be positively determined — direction —(f”(z))~!f’(x) may not be a descending direction

‘f - 5“3‘3 Newton method
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3apaya (metop HbtoToHa)

1 Nycts f(x) = e®1 + 22 + 23 — 22, — x,. HaiiguTe 7, meTogom HetoTona, ecnn xy = (0,0)7.
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1 Nycts f(x) = e®1 + 22 + 23 — 22, — x,. HaiiguTe 7, meTogom HetoTona, ecnn xy = (0,0)7.
" T o2 e1+2 0
Pewenne: Vf(x) = (et + 2z, — 2,22, — 1)", V2 f(x) = 0 9

B /— min
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3apaya (metop HbtoToHa)

1 Nycts f(x) = e®1 + 22 + 23 — 22, — x,. HaiiguTe 7, meTogom HetoTona, ecnn xy = (0,0)7.

Pewenne: Vf(z) = (e”1 + 2z, — 2,2z, — 1)T, V2 f(z) = (e 142 O)

0 2

B Touke 2, = (U,O)Ti Vf(zy) = (_17_1)T' VQf(gCO) - (g g)
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3apaya (metop HbtoToHa)

1 Nycts f(x) = e®1 + 22 + 23 — 22, — x,. HaiiguTe 7, meTogom HetoTona, ecnn xy = (0,0)7.
" T o2 e1+2 0
Pewenne: Vf(x) = (et + 2z, — 2,22, — 1)", V2 f(x) = 0 9

B Touke 2, = (U,O)Ti Vf(zy) = (_17_1)T' VQf(gCO) - (g g)

B /— min

5y = 20~ [V F(e0) "V (aw) = (173

Newton method
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Newton method problems

N eﬁvton

84
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Newton method problems

30 Quadratic approximation becomes inaccurate

—— Function V1+x2 -1

~ =~ Taylor Approximation at xq
® Xo=-2.0

2.54

2.0 1

1.5 1

1.0 A

0.5 1

0.0 1

_0'5 -

-1.0 . : . : S
—4 -3 ) 1 0 1 2 3

Puc. 8: Animation ll¢

‘f I Newton method




The idea of adapive metrics
Given f(z) and a point z,,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

‘f - m}‘l Newton method
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The idea of adapive metrics
Given f(z) and a point z,,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

o= i, )
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

¥ =a min T
rngBE(mo)f( )

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

x* =arg min f(x)
zeB_(zg)
Then, we can define another steepest descent direction in

terms of minimizer of function on a sphere:

.
LTt —x
s = lim =—9
e—0 £
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‘ ! 5‘5}‘3 Newton method
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

x* =arg min f(x)
zeB_(zg)
Then, we can define another steepest descent direction in

terms of minimizer of function on a sphere:

.
LTt —x
s = lim =—9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(z,x9) = (v — xO)TA(x — )

L mi
‘ ! 5‘5}‘3 Newton method
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The idea of adapive metrics
Given f(z) and a point z,,. Define Now we can explicitly pose a problem of finding s, as it

B.(zy) = {z € R" : d(z, ) = €2} as the set of points  was stated above.
with distance € to ;. Here we presume the existence of a .

: ; 0 P min f(x, + 0x)
distance function d(x, x). SweRX

st. 0z Adx = €2
z*=arg min f(x)
zeB_(zg)

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

Tt —x
s=lim —
e—0 £
Let us assume that the distance is defined locally by some
metric A:
d(x,x9) = (x — xo) " Az — 20)

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(zg) + Vf(zo) 0w (1)
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The idea of adapive metrics
Given f(z) and a point z,,. Define Now we can explicitly pose a problem of finding s, as it

B.(zy) = {z € R" : d(z, ) = €2} as the set of points  was stated above.
with distance € to ;. Here we presume the existence of a .

: ; 0 P min f(x, + 0x)
distance function d(x, x). SweRX

s.t. dx T Adw = &2
z*=arg min f(x)

2€Be(@0) Using equation ( 1 it can be written as:
Then, we can define another steepest descent direction in ) .
terms of minimizer of function on a sphere: s, Vf(zy) oz
. Tt —x st. oz’ Adx = €2
s = lim ——
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(z,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(zg) + Vf(zo) 0w (1)
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

¥ =a min T
rg ZGBE(mt))f( )

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

.
LTt —x
s = lim =—9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(z,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

‘f — min
Tz

f(xg +02) ~ f(x0) + Vf(xO)T(Sx

Newton method

(1)

Now we can explicitly pose a problem of finding s, as it

was stated above.

min f(x, + 0x)

dxeRX
st. 0z Adx = €2
Using equation ( 1 it can be written as:
min Vf(z,)"éx

dTeRX
st. 0z Adz = £2

Using Lagrange multipliers method, we can easily conclude,

that the answer is:

2¢2
Vf(xg) TATIV f(xg)

ox = —

AV
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The idea of adapive metrics
Given f(z) and a point z,. Define
B_(zy) = {z € R" : d(z, 7)) = €2} as the set of points
with distance € to . Here we presume the existence of a
distance function d(x, x).

¥ =a min T
rg ZGBE($O>f( )

Then, we can define another steepest descent direction in
terms of minimizer of function on a sphere:

.
LTt —x
s = lim =—9
e—0 £

Let us assume that the distance is defined locally by some
metric A:

d(z,x9) = (v — xO)TA(w — )

Let us also consider first order Taylor approximation of a
function f(x) near the point z:

f(wo +0z) ~ f(zg) + Vf(zo) 0w (1)

‘f — min
Tz

Newton method

Now we can explicitly pose a problem of finding s, as it
was stated above.

min f(x, + 0x)

SreRX
s.it. dz T Adz = £2

Using equation ( 1 it can be written as:

: T
Juin Vf(z,) " oz

st. 0z Adz = £2

Using Lagrange multipliers method, we can easily conclude,
that the answer is:
2¢2
Vf(ag)TAIV f(q)

or = — ATV

Which means, that new direction of steepest descent is
nothing else, but A~V f(x,).

. . . Indeed, if the space is isotropic and A = I, we
immediately have gradient descent formula, while Newton
method uses local Hessian as a metric matrix. o o @ s
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Quasi-Newton methods

Quasi-Newton methods

87



Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m}%{n the general scheme of iteration method is written as:
xeR™

T = Tp + ady

‘fﬁ};ﬂy“: Quasi-Newton methods D0 0
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m}%{n the general scheme of iteration method is written as:
xeR™
Tpyy = 2p + gdy

In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= v2f(93k)

‘f%gn;l} Quasi-Newton methods D0 0
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m}}{n the general scheme of iteration method is written as:
xeR™

T = Tp + ady

In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= sz(mk)

i.e. at each iteration it is necessary to compute hessian and gradient and solve linear system.

‘fﬁ}gn‘}‘l Quasi-Newton methods D0 0
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Quasi-Newton methods intuition

For the classic task of unconditional optimization f(z) — m}}{n the general scheme of iteration method is written as:
sERN
Ty = Ty +oydy
In the Newton method, the d;, direction (Newton's direction) is set by the linear system solution at each step:

Bydy, = =V f(zy), By= sz(afk)

i.e. at each iteration it is necessary to compute hessian and gradient and solve linear system.

Note here that if we take a single matrix of B;, = I,, as B,, at each step, we will exactly get the gradient descent
method.

The general scheme of quasi-Newton methods is based on the selection of the B), matrix so that it tends in some
sense at k — 00 to the truth value of the Hessian V2 f(z;,).

‘fﬁ}fnﬁxl Quasi-Newton methods 0O
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:
1. SOlVe Bkdk = —Vf(xk)

‘f — I o asi-Newton methods
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l‘k)
2. Update z,, =z}, + oy d,

‘f — I o asi-Newton methods
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l‘k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

‘f — I o asi-Newton methods

89



Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l‘k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

‘f — I o asi-Newton methods
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l‘k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B, ;)~!
from (B,,)L.

‘f%?‘f}‘l Quasi-Newton methods D0 0



Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B, ;)~!

from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.

‘f%gn&l} Quasi-Newton methods D0 0
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B, ;)~!

from (B,,)L.
Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for 5, ; (motivated by the secant method):

V(@) = V(@) = By (Thp — %) = By dy
Ay = By Az,

‘fﬁ}gn‘}‘l Quasi-Newton methods D0 0
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B, ;)~!
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.

Reasonable Requirement for 5, ; (motivated by the secant method):

V(@) = V(@) = By (Thp — %) = By dy
Ay = By Az,

In addition to the secant equation, we want:

® B, to be symmetric
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Quasi-Newton Method Template

Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B, ;)~!
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for 5, ; (motivated by the secant method):

V(@) = V(@) = By (Thp — %) = By dy
Ay = By Az,

In addition to the secant equation, we want:

® B, to be symmetric
® B, ., to be “close” to B,
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Quasi-Newton Method Template
Let zy € R", By > 0. For k=1,2,3, ..., repeat:

1. Solve Bkdk = —Vf(l’k)
2. Update z,, =z}, + oy d,
3. Compute By, from B,

Different quasi-Newton methods implement Step 3 differently. As we will see, commonly we can compute (B, ;)~!
from (B,,)L.

Basic Idea: As B, already contains information about the Hessian, use a suitable matrix update to form B, ;.
Reasonable Requirement for 5, ; (motivated by the secant method):

V(@) = V(@) = By (Thp — %) = By dy
Ay = By Az,

In addition to the secant equation, we want:

® B, to be symmetric
® B, ., to be “close” to B,
® B, ~0=D8,,,>0
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Symmetric Rank-One Update

Let's try an update of the form:

‘f — I o asi-Newton methods

By = By, + auu”
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Symmetric Rank-One Update

Let's try an update of the form:
By, = By, + auu™

The secant equation By d;, = Ay, yields:

(aquk)u = Ay, — Bydy,

‘f - §ny“: Quasi-Newton methods
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Symmetric Rank-One Update
Let's try an update of the form:

By, = By, + auu™
The secant equation By d;, = Ay, yields:

(aquk)u = Ay, — Bydy,

This only holds if u is a multiple of Ay, — Byd,. Putting u = Ay, — B,.d},, we solve the above,

1

Q= 57>
(Ay — Bkdk)Tdk

— mi N
‘f min Quasi-Newton methods
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Symmetric Rank-One Update

Let's try an update of the form:
By, = By, + auu™
The secant equation By d;, = Ay, yields:
(au”dy)u = Ay, — By,

This only holds if u is a multiple of Ay, — Byd,. Putting u = Ay, — B,.d},, we solve the above,

1
Q= 57>
(Ay — Bkdk)Tdk

which leads to -
(Ayy, — Bydy) (Ayy, — Bidy)

(Ay — Bkdk)Tdk

Byy1 =B+

called the symmetric rank-one (SR1) update or Broyden method.

— mi N
‘f 5‘5}‘3 Quasi-Newton methods
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Symmetric Rank-One Update with inverse

How can we solve
By1dyq = _vf($k+1)v

in order to take the next step? In addition to propagating B, to B, let's propagate inverses, i.e., C}, = B,;l to
_ -1
Cryr = (Bry1) -

Sherman-Morrison Formula:
The Sherman-Morrison formula states:

A T AT
A Ty\-1 _ 4-1 _
(A+u) 1+ vTA 1y
Thus, for the SR1 update, the inverse is also easily updated:

(d), — CrAy)(d), — CkAyk)T
(d), — CAy)T Ay,

Cr1 =0+

In general, SR1 is simple and cheap, but it has a key shortcoming: it does not preserve positive definiteness.

B/ — min ® 00

Quasi-Newton methods
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Davidon-Fletcher-Powell Update

We could have pursued the same idea to update the inverse C":

Criq = Gy + auu® + bovT.

‘f — I o asi-Newton methods
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Davidon-Fletcher-Powell Update

We could have pursued the same idea to update the inverse C":

Criq = Gy + auu® + bovT.
Multiplying by Ay, using the secant equation d;, = C}, Ay, and solving for a, b, yields:

CkAykAykTOk dkdg

C =C, —
i 4§ AykTCkAyk Aygdk

Woodbury Formula Application
Woodbury then shows:

B, — (I— Aykd£> B (I— dkAy£> AykAy;f
L Ayfdy g Ayldy Ayfldy,

This is the Davidon-Fletcher-Powell (DFP) update. Also cheap: O(n?), preserves positive definiteness. Not as
popular as BFGS.

‘f - 5‘5}‘3 Quasi-Newton methods QDO
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + bwT.

‘f — I o asi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + bwT.

The secant equation Ay, = B, ,d,, yields:

Ay, — Brdy, = (auTdy)u + (bvTd,)v

‘f — I o asi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update

Let's now try a rank-two update:
By = By, + auu” + bwT.

The secant equation Ay, = B, ,d,, yields:
Ay, — Brdy, = (auTdy)u + (bvTd,)v

Putting u = Ay, v = B, d,, and solving for a, b we get:

B,d, dF'B Ay, AyF
By, = By — kOO D Y RAYg

dkTBkdk d;ZAyk

called the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update.

‘f - 5“4}‘3 Quasi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update with inverse

Woodbury Formula
The Woodbury formula, a generalization of the Sherman-Morrison formula, is given by:

(A+UCV) ™ = AL — A U(C + VATIU) VA

‘f — I o asi-Newton methods
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Broyden-Fletcher-Goldfarb-Shanno update with inverse

Woodbury Formula

The Woodbury formula, a generalization of the Sherman-Morrison formula, is given by:
(A+UCV) ' =A" - A'WUC '+ VA'U)'VA
Applied to our case, we get a rank-two update on the inverse C:

(dy, — CkAyk)dkT dy,(dy, — CkAyk)T (dy, — CkAyk)TAyk

Cri1 =Cy+ + — ddF
i F Ay;?dk Ay;{dk (Aylzdk)2 Mk
d, Ayl Ay, d¥ d,d}
b ( Aydek) i ( Ay;fdk - Ayfdk

This formulation ensures that the BFGS update, while comprehensive, remains computationally efficient, requiring
O(n?) operations. Importantly, BFGS update preserves positive definiteness. Recall this means B, > 0 = B, > 0.
Equivalently, C}, = 0 = C;; >~ 0

‘fﬁ}gn‘}‘l Quasi-Newton methods P00 O 94



Code

® Open In Colab

B /— min

Quasi-Newton methods
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Code

® Open In Colab
® Comparison of quasi Newton methods

— mi N
‘f min Quasi-Newton methods
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3apaua

PaccmoTtpum keagpaTtudnyto dynkumid f(x) = Ax?[(rae A > 0, € R). VckopeHHbIii rpasneHTHbIN MeToA

Hecteposa 3apaétca utepauueii
Tip1 = Y — AV f(Yg),

Yps1 = Tpy1 + B (@1 — 2p),

rge o > 0 — war, f € R — napameTp «uHepuuu> .

V&) = 5

1. Boeinuwure NTEpaUnNo METO4a B BNAE YMHOXKEHNA BEKTOPA COCTOAHUA Ha npep,blp.yu.l,eﬁ nTepaynn Ha MaTpuuy

)+ )
Th+1 Ty )’
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3apaua
PaccmoTpum keagpaTtudHyto dyrkumio f(x) = Ax? (rae A > 0, x € R). VckopeHHbIii rpaneHTHbIN MeToa
HectepoBa 3apaércs utepauneii
Ti1 = Yp — AV f(Yp),
Yer1 = Tpp1 + B (21 — ),
rge o > 0 — war, f € R — napameTp «uHepuun>.

1. BbeinuwuTe utepauuto MeToa B BUAE YMHOXEHUS BEKTOPA COCTOSIHUA Ha MpefbiAyLieii nTepaummn Ha MaTpuly

e - TR T

Lt1
)ul -
ABHO yKa3aB 31emMeHTbl MaTpuupl 1 depe3s A, a n (. -3,
2. 3anuwuTe sBHO Bug MaTpuubl T npn o = i 3anuwmnTe xapakTepUCTMHeCKnii NONMHOM NS Noucka

cobcTeeHHbIX Yncen matpuusl T' B aTom cayuae p(A) = det(T — §7). -2 J\R-(-(S andp o
= - =¥

T= 1"21’&"2% -$ ) p-1 P i 1-2) N o
|-

-

V) ! 0
pE) = (-p-1- DD - EDED)- EX 69t -
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3apaua
PaccmoTpum keagpaTtudHyto dyrkumio f(x) = Ax? (rae A > 0, x € R). VckopeHHbIii rpasneHTHbIN MeToa

HecTeposa 3apaércsa utepauueii 2 1
Tpr1 =Y — AV [(Yp), ?('L) =1 0
Y1 = T + B (g1 — ), \6\4&_ = '\4 > ' (
rge o > 0 — war, f € R — napameTp «uHepuun>. 1_ 1'&"‘55‘0 1f(§+1-$>b l/

1. Boeinuwure NTEpPaUNo METOOa B BNAE YMHOXEHNSA BEKTOPA COCTOAHUA Ha Npeabl LLl,eﬁ nTepaynn Ha MaTpuuy

) B e

Tht1
SIBHO YKa3aB 3/1eMeHTbl MaTpuLbl T’ vepes A, o u f3.

2. 3anuwuTe sBHO Bug MaTpuusl T npu v = 1. 3anuwWnTe XapakTepUCTUHECKNi NOAMHOM ANA NOUCKa
cobcTeeHHbIX Yncen matpuusl T' B aTom cnyuae p(A) = det(T — AI).

3. HaliguTe 3HauveHus 5, npu koTopbIx MeTOA byaeT cxoanTbcsi ¢ oTum warom.\ MNpumedanne: Jns cxogumoctn
UTEPaLMOHHOIO NMPOLECCa HYXXHO, 4TObbl 06a COBCTBEHHBIX Yncna no Mogymto bbian < 1 (cnekTpanbHblii pagnyc

p(T) < 1). MoxHo 310 caenatsb, Haligs A;(83), Ay(B) siBHO 1 HaliTu Takme (3, 4Tobbl |A;(B)] < 1,|A,(B)] < 1.
Mbl npepnaraem BOCMNOMb30BaTLCS FOTOBbIM PE3YNLTATOM, KOTOPbIi Ha3bIBaETCﬂ ans
NoNMHOMa BTOpOro nopsifka. MycTb xapakTepuctuyeckuii MuorodneH umeet Bug p(A) = A° + a3 A + a,. Toraa
CneKTpabHbIii pagnyc OyaeT MeHblle eANHULbLI TOTAA U TOABLKO TOrAa, Korga:

las] < 1 1+a,+ay,>0 1—a;+ay,>0
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3apaua

Myctb A € R™*™ - cuMmmeTpryYHas NONOXKMUTENLHO onpeaeneHHas matpuua, b € R™. Haigute MVIHVIMyM cbyHK
1 -
Dun.  F@9) = oAz + 7o+ L yl3 - g, g =

%

roe ¢ € R™ - 3aganHbiii BekTop. Boinuwnte siBHo pewetne (*, ).
- T
l_(x)z)&:- %\ﬂ'ﬂ\(*gy—f {5\8‘_‘_2* r\\( a
LqL= Berben=of hertoce o e

d VL _:KTA =0 {C-X+>~=O =S A=XC ly; ﬂ)(c_)

'vaL = x+y-C =0 | 3= (X% y= c-(kﬂg(c-@




3apaua

VnpocTute BbipakeHue:

tr((A+ AI)"1A),

LYY —tr[X \/\

rae AeSt ., A>0

Bblpaame OTBET 4epe3 CcobCTBEHHbIE 3HaYeHUs MaTpuubl A.

— min
‘f 2,9,z 3apauku
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3apaua

MpeanoxuTte METO pelieHns 3adaqn HaUMeMbLIMX KBaAPaTOB C perynspysalmeli: T
VL ;Iel]g% Az — b3 + A|z|3 :2 A A + QA L

roe A € R™ ™ (He obsizatensHo kBagpaTHIN, A > 0. OnuwuTe ofuH nTEpaunoHHbI METOL ONTUMU3ALMA ANs e
peLleHns N NpUBEAMTE OLEHKY CKOPOCTU CXOAMMOCTH.
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3apaua

[HokaxuTe, 4T0 pyHKUMS

fla)=tog [ S e
i=1

BbINYKAasi, NCNOb3yst toboii auddepeHLmanbHblii KpUTEPUiA BbIMYKAOCTH.

— min
‘f 2,9,z 3apauku
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sapaa d (LGSL,65)=<A(6D), *“"9’“5;2 =Sdel et

Mycte X € R™™ roerkX =n, Qe ST, n W e R¥*™  Haiigute matpuuy G € R™™, HBﬂH?OLIJ,yIOCH pelieHnem
cnepytouleli 3aga4m onTUMU3aUMN: -

f(G)=tr (GQGT) — GI;{u:r%/V




3apaua

Mycte X € R™™ roerkX =n, Qe ST, n W e R¥*"  Haiigute matpuuy G € RF*™ | aensiowyiocs peluernem
cnenytoleli 3a4a4M ONTUMN3ALMN:

f(G)=tr (GQGT) — Gr)r(u:r]l/v
G=-inzs! GX=W
z
_AAY G K=w B o nueild
SAS e A

D - derdbus
A -2 WESD

C neiep?
G - WXL |

— min
‘f 2,9,z 3apauku



Code

® Open In Colab
® Comparison of quasi Newton methods
® Some practical notes about Newton method

— mi N
‘f 5‘5}‘3 Quasi-Newton methods
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